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QUANTIZATION CAUSES WAVES: 

SMOOTH FINITELY COMPUTABLE FUNCTIONS ARE AFFINE 

VLADIMIR ANASHIN 


Abstract. Given an automaton (a letter-to-letter transducer) 21 whose in¬ 
put and output alphabets are ¥ p = {0,l,...,p — 1}, one visualizes word 
transformations performed by 21 by a point set P(2l) of real plane R 2 as 
follows: To an m-letter non-empty word v = 7m—17m—2 • ■ - 70 over the al¬ 
phabet A put into the correspondence a rational number O.u whose base- 
p expansion is 0.7 m —17m—2 • • • 7o; then to every m-letter input word w = 
a m _ia m _2 • • • ao of the automaton 21 and to the respective m-letter output 
word a(ic) = pm—iPm —2 • * * /5o (rightmost letters are feeded to/outputted from 
the automaton prior to leftmost ones) there corresponds a point (O.ic; O.a(tc)) 
of the real unit square [0, l] 2 ; denote P(2l) a closure (in the topology of R 2 ) 
of the point set (O.lp; O.a(ic)) where w ranges over the set W of all non-empty 
words over the alphabet F p . 

For a finite-state automaton 21, it is shown that once some points of P(2l) 
constitute a smooth (of a class C 2 ) curve in R 2 , the curve is a segment of a 
straight line with a rational slope; and there are only finitely many straight 
lines whose segments are in P(2l). Moreover, when identifying P(2l) with a 
subset of a 2-dimensional torus T 2 C R 3 (under a natural mapping of the 
real unit square [0, l] 2 onto T 2 ) the smooth curves from P(2l) constitute a 
collection of torus windings. In cylindrical coordinates either of the windings 
can be ascribed to a complex-valued function = e z ( Ax ~ 2nB ( t )) ( x £ R) 
for suitable rational A, B(t). Since 'i/j(x ) is a standard expression for a matter 
wave in quantum theory (where B(t) = tB(to)), and since transducers can 
be regarded as a mathematical formalization for causal discrete systems, the 
main result of the paper might serve as a mathematical reasoning why wave 
phenomena are inherent in quantum systems: This is because of causality 
principle and the discreteness of matter. 

1. Introduction 

In the paper, we examine C 2 -smooth real functions which can be computed 
(in some new but natural meaning which is rigorously defined below) on finite 
automata, i.e., on sequential machines that have only finite number of states. We 
show that all these functions are affine and, moreover, that they can be expressed as 
complex functions e l ( Ax + B ) and thus can be ascribed (also in some natural rigorous 
meaning) to matter waves from quantum theory. 

A general problem of evaluation of real functions on abstract discrete machines 
naturally arose at the very moment the first digital computers had been invented. 
There are a number of various mathematical statements of the problem which 
depend both on specific mathematical model of a digital computer (the abstract 
machine) and on the representation of reals in some ‘digital’ form. For instance, 
real number computations on Turing machines constitute a core of theory of con¬ 
structive reals and computable functions. The theory demonstrates intensive de¬ 
velopment for during more than half a century, see e.g. [36j and references therein. 
Sequential machines (also known as Mealy automata, or as finite-state letter-to- 
letter transducers) are, speaking loosely, Turing machines whose heads move only 
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in one direction. Sequential machines are therefore less power computers compared 
to general Turing machines; however, a number of real world phenomena and pro¬ 
cesses can be modelled by sequential machines since the latter can be considered 
as (non-autonomous) discrete dynamical systems. That is why the theory of func¬ 
tions computable by sequential machines, which constitutes a substantial part of 
automata theory, has numerous applications not only in mathematics itself (e.g., 
in real analysis, p-adic analysis, number theory, complexity theory, dynamics, etc.) 
but also in computer science, physics, linguistics and in many other sciences, see 
e.g. monographs laEnsnanaEaiszi for details and references. 

The paper was motivated by empirical data obtained during a research project 
related to an applied problem which assumed intensive computer experiments with 
automata modelling of various cryptographic primitives used in stream ciphers, 
hash functions, etc. Word transformations performed by the automata where vi¬ 
sualised, namely, represented by points of the unit square I 2 = [0,1] x [0,1] in real 
plane R 2 so that coordinates of the points relate numerical (radix) representations 
of input words to the numerical representations of corresponding output words. It 
was noticed that once the modelled system was finite-state, and once input words 
were taken sufficiently long, some linear structures (looking like segments of straight 
lines and somewhat resembling pictures from a double-slit experiment in quantum 
physics, cf. Figures [T] [2] and Figure IT4l) may appear in the graph, but more com¬ 
plicated structures like smooth curves of higher order had never been observed. A 
particular aim of the paper is to give mathematical explanation of the phenomenon 
and to characterize these linear structures. 

But during the research it became evident that the problem (which actually is 
a question what smooth real functions can be modelled on finite automata) has 
applications not only to cryptography (see e.g. [3, Chapter 11]) but also may 
be related to mathematical formalism of quantum theory. As a matter of fact, the 
latter relation (which we believe does exist) can be regarded as a yet another answer 
to the following question discussed by A. Khrennikov in a series of papers devoted 
to so-called Prequantum Classical Statistical Field theory, see e.g. [23 [22]: Why 
mathematical formalism of quantum theory (which is based on the theory of linear 
operators on Hilbert spaces) is essentially linear although a number of quantum 
phenomena demonstrate an extremely non-linear behavior? 

Thus the goal of the paper is twofold: 

• firstly, to characterize real functions which can be computed by finite au¬ 
tomata; and 

• secondly, to give (using obtained description of the functions) some mathe¬ 
matical reasoning why wave phenomena are inherent in quantum systems. 

The major part of the paper focuses on real functions which can be computed 
by finite automata while the said mathematical reasoning is considered in a clos¬ 
ing section which contains a discussion of possible applications of mathematical 
results of the paper to quantum theory. We are not going to discuss cryptographic 
applications here; they will be postponed to forthcoming papers. 

In the paper, by a general automaton (whose set of states is not necessarily fi¬ 
nite) we mean a machine which performs letter-by-letter transformations of words 
over input alphabet into words over output alphabet: Once a letter is feeded to 
the automaton, the automaton updates its current state (which initially is fixed 
and so is the same for all input words) to the next one and produces corresponding 
output letter. Both the next state and the output letter depend both on the current 
state and on the input letter. Therefore each letter of output word depends only 
on those letters of input word which have already been feeded to the automaton. 
An input word is a finite sequence of letters; the letters can naturally be ascribed 
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to ‘causes’ while letters of the corresponding output word can be regarded as ‘ef¬ 
fects. ‘Causality’ just means that effects depend only on causes that ‘already have 
happened’; therefore an automaton is an adequate mathematical formalism for a 
specific manifestation of causality principle once we assume that there exist only 
finitely many causes and effects, cf., e.g.. [iHH5] . 

When studying real functions that can be computed by an automaton 21 whose 
input/output alphabets are A = {0,1,... ,p — 1} (where p > 1 is an integer from 
N = { 1 , 2, 3,...}) most authors follow common approach which described in e.g. [151 
Chapter XIII, Section 4]: They associate an infinite word oqoQ • ■ • ce n ... over A to a 
real number whose base-p expansion is 0 .aqa :2 ... a n ... = 'fZiLi a iP~ l and consider 
a real function defined as follows: Given x £ [0,1], take its base-p expansion 
x = then produce an infinite output sequence P 1 P 2 ■ ■ ■ Pn ■ ■ ■ of 21 by 

successfully feeding the automaton with the letters oq, 02 , etc., and put da(x) = 
PiP~ l - Being feeded by infinite input sequence 070:2 ... a n ..., the automaton 
21 produces a unique infinite output sequence P 1 P 2 ■ ■ ■ Pn ■ ■ ■; therefore the function 
da is well defined everywhere on the real closed unit interval (segment) I = [ 0 , 1 ] 
with the exception of maybe a countable set D C [0,1] of points; namely, of those 
having two distinct base-p expansions O .7172 ... 7„0 ... 0 ... = O .7172 ... 7 n -i ( 7 n — 

l)(p — 1)... (p — 1)_ The point set M(2l) = {( 2 ; d<n(x)) el 2 :ie [0,1]} can be 

considered as a graph of the real function d% specified by the automaton 21 (every 
time, before being feeded by the very first letter of each infinite input word the 
automaton 21 is assumed to be in a fixed state sq, the initial state). Indeed, da(x) 
is defined uniquely for x £ [0,1] \ D and d%(x) can be ascribed to at most two 
values for x £ D; so da 1 can be treated a real function which is defined on the unit 
segment [0,1] and has not more that a countable number points of discontinuity in 
[0,1]. In the sequel we refer M(2l) as to the Monna graph of the automaton 21, cf. 
Subsection 12.51 

The said common approach (and its various generalisations) is utilised in numer¬ 
ous papers, see e.g. nni nu nzi nn esj- Speaking loosely, the common approach 
looks as if one feeds the automaton 21 by a base-p expansion of a real number 
x £ [0,1] so that leftmost (i.e., the most significant) digits are feeded to the au¬ 
tomaton prior to rightmost ones and observes output as real numbers since the au¬ 
tomaton outputs accordingly leftmost digits of the base-p expansion of da (a;) £ [0,1] 
prior to rightmost ones thus ascribing to the automaton 21 the real function da- 
We stress that the function da is well defined almost everywhere on [0,1] due to 
namely that order in which digits of base-p expansion are feeded to (and outputted 
from) the automaton 21. 

A crucial difference of the approach used in our paper from the mentioned one 
is that the order we feed digits to (and read digits from) the automaton is inverse : 
Namely, 

(i) given a real number x £ [0,1], we represent x via base-p expansion x = 
0 .oiO 2 ... a n ... (we take both expansions if x has two distinct ones); 

(ii) from the base-p expansion 0 .oiO 2 ■ ■ .a n ... we derive corresponding se¬ 
quence oq, aqa! 2 , aia 2 <T 3 , ■ ■ • of words; then 

(iii) feeding the automaton 21 successively by the words oq, aqa: 2 , aqa 2 <r 3 , • ■ ■ 
so that rightmost letters are feeded to 21 prior to leftmost ones we obtain 
corresponding output word sequence Ciii C 12 C 22 , C 13 C 23 C 33 , ■ ■ •; 

(iv) to the output sequence we put into a correspondence the sequence S (x) of 

rational numbers whose base-p expansions are 0.(n, 0.(( 12 ( 22 , O.C 13 C 23 C 33 ) • ■ ■ 
thus obtaining a point set X(x) = {(O.oq ... a*; ... (a ): i = 1,2,...} 

in the real unit square I 2 = [0,1] x [0,1]; after that 

(v) we consider the set A(x) of all cluster points of the sequence S(x); 
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(vi) finally, we specify a real plot (or, briefly, a plot) of the automaton 21 as a 
union P(2t) = 


In other words, P(2l) is a closure in the unit square I 2 of the union U^. 1 Li(2l) 
where Lj(2l) = {(O.aq ... ap, Ofiu&i • • ■ Cm) : a: € 1} is the i-th layer of the plot 
P(2l). That is, the plot P(2l) can be considered as a ‘limit’ of the sequence of 
sets U" =1 L,(2l), the approximate plots at word length N, while N —> oo (see more 
formal definitions in Subsection 12.51) . Note that according to automata 0-1 law (cf. 
[31 Proposition 11.15] and [5]) the plot P(2t) of arbitrary automaton 21 can be of 
two kinds only: Either P(2l) = I 2 or P(2l) is a (Lebesgue) measure-0 closed subset 
of R 2 . Moreover, if the number of states of the automaton 21 is finite (further in 
the paper these automata are referred to as finite ones), then the second case takes 
place. 

We stress crucial advantage of real plots over Monna graphs: In a contrast to the 
Monna graph M(2l), a real plot P(2l) is capable of showing true long-term behavior 
of automaton 21 (i.e., when 21 is feeded by sufficiently long words) rather than a 
short-term behaviour displayed by the Monna graph M(2l) since due to the very 
construction of the real plot the higher order (i.e., the most significant) digits of 
the real number represented by the output word are formed by the latest outputted 
letters of the output word whereas the construction of the Monna graph assumes 
that the higher order digits are formed by the earliest outputted letters. This results 
in a drastically different appearances of the real plot and of the Monna graph: Real 
plot clearly demonstrates that corresponding automaton is ‘ultimately linear’ (that 
is, exhibits linear long-term behavior), cf. Figures |T][3j whereas the Monna graph 
is incapable to reveal this important feature of the automaton, cf. Figure |3] This 
is the main reason why in the paper we focus on real plots of automata rather than 
on their Monna graphs. 

Therefore when specifying a notion of computability of a real-valued function 
g: G -» [0,1] (where G C [0,1]) on automata, at least two different approaches do 
exist: The first one is to speak of the case when the graph G (g) = {(a;; g{x)) : x £ G} 
of the function G lie completely in M(2l) for some automaton 21 while the second 
one is to consider the case when G(g) C P(2t). Papers [T0]jTl, 371 SSI[35] mentioned 
above basically deal with the computability in the first meaning whereas our’s paper 
deals with the computability of the second kind. Note that classes of real functions 
which are computable on finite automata are different depending on the meaning: 
For instance, the function [px J (where |_aj stands for the integral part of a £ R, 
i.e., for the biggest integer not exceeding a) is not computable in the first meaning 
but is computable in the second one whilst the function p~ x x is computable in the 
first meaning but is not computable in the second one. 

To the best of our knowledge, our approach (which is based on real plots rather 
than on Monna graphs) was originally used in ]3] and was never considered before 
by other authors. 

In the sequel we refer real functions g: G —>■ [0,1] with domain G C [0,1] as 
to finitely computable if there exists a finite automaton 21 whose real plot contains 
the graph of the function g; i.e., if G (g) C P(2l). Main result of our paper is 
Theorem 15.11 which characterizes all finitely computable C 2 -functions g defined on 
a sub-segment D = [a, 6 ) C [0,1]: The theorem yields that if a finitely computable 
function < 7 : [0, 1 ] is twice differentiable and if its second derivative is con¬ 

tinuous everywhere on D then g is necessarily affine of the form g(x ) = Ax + B 
for suitable rational p-adic A , B (that is, for A , B which can be represented by 
irreducible fractions whose denominators are co-prime to p). Moreover, this is true 
in n-dimensional case as well (Theorem 15.511 . 
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Figure 1. Ap¬ 
proximate plot of an 
automaton at word 
length 16 


Figure 2. Ap¬ 
proximate plot of 
the same automaton 
at word length 17 


Figure 3. Cluster 
points of the plot of 
the same automaton 


Figure 4. The 
Monna graph of the 
same automaton 


In view of Theorem o it is noteworthy that despite the classes of functions 
computable on finite automata are different depending on the meaning the com¬ 
putability is understood, nonetheless if a function g: [0,1] —> [0,1] is everywhere 
differentiable on (0,1) and G (g) C M(2l) for some finite automaton 21 with binary 
input/output alphabets then g is necessarily affine, see |28\ In [27] it is shown that 
a similar assertion holds for multivariate continuously differentiable functions and 
arbitrary finite alphabets. Therefore finite automata should be judged as rather 
‘weak computers’ in all meanings since only quite simple real functions can be 
evaluated on these devices. From this view, results of the current paper are some 
contribution to the theory of computable real functions. 

It is worth mentioning right now that actually our proof reveals a basic reason 
why smooth functions which can be represented by finite automata are necessarily 
affine: This is because squaring can not be performed by a finite automaton ; that 
is, an automaton which, being feeded by a base-p expansion of n. outputs a base- 
p expansion of n 2 for every positive integer n, can not be finite (the latter is a 
well-known fact from automata theory, see e.g., [5] Theorem 2.2.3]). 
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It is also worth mentioning that the question when G(p) C M(2l) is somewhat 
easier to handle than the question when G(g) C P(2l). Indeed, in the first case once 
the automaton 21 is feeded by an infinite word ... a^o^cn, the word is treated as a 
base-p expansion of a unique real number x = 0 . 0 : 10 : 20:3 ... £ [0,1], corresponding 
output of 21 is also an infinite word .. ■ P 3 P 2 P 1 which also is treated as a base-p 
expansion of a unique real number y = - - - £ [0,1]- This results in a 

unique point ( x ; y ) of the unit square I 2 in the first case; whilst in the second case 
the automaton 21, being feeded by the infinite word ... 0130 . 20 - 1 , produces generally 
an infinite point set of a cardinality continuum: The set is a closure of the point set 
{(0.o n o n _i... «i; 0./3 n /3„_i... j3 \): n = 1,2,...} in I 2 . Due to this reason during 
the proofs we have to use more complicated techniques from real analysis which 
in some cases we combine with methods of p-adic analysis. Therefore some proofs 
are involved; but to make general idea of a proof as transparent as possible in the 
sequel we explain it in loose terms when appropriate. 

Last but not least: Our approach reveals another important feature of smooth 
functions which can be computed on finite automata. From Figure [3] it can be 
clearly observed that limit points of the plot constitute a torus winding if one con¬ 
verts a unit square into torus by gluing together opposite sides of the square. This 
is not occasional: Our Theorem 15.11 yields that if the unit square I 2 is mapped onto 
a torus T 2 CR 3 , the smooth curves from the plot become torus windings ; and these 
windings after being represented in cylindrical coordinates are described by complex¬ 
valued functions e d Ax + B ) g [0,1]), see Corollary 13.131 But in quantum theory 
the latter exponential functions are ascribed to matter waves (cf., de Broglie waves); 
therefore, since automata can be considered as models for discrete casual systems, 
the results of our paper give some mathematical evidence that matter waves are 
inherent in quantum systems merely due to causality principle and discreteness of 
matter (quantization). We discuss these possible connections to physics in Section 

ED 

Note that for not to overload the paper with extra calculations we consider only 
automata whose input and output alphabets consist of p letters 0,1 ,..., p— 1 where 
p > 1 is a prime number though our approach can be expanded to the case when p 
is arbitrary integer greater than 1 (and even to the case when p is not necessarily 
an integer, see Section EO). For a prime p, we naturally associate when necessary 
letters of the alphabet 0,1 ,... ,p — 1 to residues modulo p, i.e., to elements of a 
finite field F p . 

The paper is organized as follows: 

• In Section[2]we recall basic definitions as well as some (mostly known) facts 
from combinatorics of words, from automata theory, from p-adic analysis, 
and from knot theory. Also in this section we formally introduce the notion 
of real plot of automaton and examine its basic properties. 

• In Section [3] we completely describe cluster points of real plots of finite 
autonomous automata and of finite affine automata: We show that the 
points constitute links of torus knots. 

• In Section [4] we prove numerous (mostly technical) results on finitely com¬ 
putable functions; that is, on real functions whose graphs lie in plots of 
finite automata. Loosely speaking, in the section we (rigorously) develop 
techniques to examine real functions computed on finite automata as if 
the automata are feeded by base-p expansions of real arguments of the 
functions so that less significant digits are feeded to automaton prior to 
more significant ones. 

• Section [5] contains main results of the paper: We prove that once a finitely 
computable function is C 2 -smooth than it is affine and may be associated 
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to a finite collection of complex-valued functions '$>(x,(.) = e l ^ Ax ~ 2 ' Kp B \ 
(i el;l£ No) for suitable rational numbers A,B which are p-adic inte¬ 
gers. We prove a multivariate version of the theorem as well. 

• In SectionOwe discuss possible connections of the main results to informa¬ 
tional interpretation of quantum theory. We argue that the results show 
that wave function is a mathematical consequence of two basic assump¬ 
tions which are causality principle and discreteness of matter: We show 
that using /3-expansions of real numbers (where /? = 1 + r and r > 0 
is small) rather than base-p expansions for positive integer p > 1, main 
results of the paper imply that a quantum system may be considered as 
a finite automaton which calculates functions e l ( Ax ~ 2 ' K P b). but f unc _ 
tions are approximately equal to a ■ e l ( Ax ~ 2 ^ tB ) when t = It since r is 
small and thus (1 + t) 1 « 1 + It; moreover, /3 = 1 + r implies that both 
input and output alphabets of the automaton must be necessarily binary, 
i.e., {0,1}. Therefore one may say that the automaton produces waves 
a • e z ( Ax - 2ntB ) (since variables x, t £ R may be regarded as ‘position’ and 
‘time’ respectively) from bits. This may serve a mathematical evidence 
in favour of J. A. Wheeler’s It from bit doctrine which suggests that all 
things physical (‘its’) are information-theoretic in origin (‘from bits’), j T5] , 

2. Preliminaries 

Technically the paper is a sort of interplay between real analysis and p-adic 
analysis; but although real analysis is the tool we mostly use in proofs, in some 
important places we also use p-adic analysis to examine specific properties of au¬ 
tomata maps since the maps actually are 1-Lipschitz functions w.r.t. p-adic metric. 
This is why we first recall some facts about words over a finite alphabet, p-adic 
integers, and automata. 

2.1. Few words about words. An alphabet is just a finite non-empty set A; fur¬ 
ther in the paper usually A = {0,1, ... ,p — 1} = F p . Elements of A elements are 
called symbols , or letters. By the definition, a word of length n over alphabet A is a fi¬ 
nite sequence (stretching from right to left) a n -\ ■ ■ ■ a±ao, where a n -\,..., op, op £ 
A. The number n is called the length of the word w = a n -i ■ ■ ■ aqao and is denoted 
via A (w). The empty word (f> is a sequence of length 0, that is, the one that con¬ 
tains no symbols. Given a word w = q„_i • • • oqaio, any word v = ctk-i ■ ■ ■ a lap, 
k < n, is called a prefix of the word w; whereas any word u = q„_i • • • oy+iay, 
0 < i < n — lis called a suffix of the word w. Every word ay • • • ai+iCQ where 
n—l>j>i>0is called a subword of the word w = a n _i ■ ■ ■ aqao- Given words 
a = a n _i • • • aqao and b = fik-i • • • /3i/3o, the concatenation ab is the following word 
(of length n + k): 

ab = a n _i • • • aiao/3fc_i • • • fifo- 
Given a word w, its fc-times concatenation is denoted via ( w) k : 



k times 


We denote via W the set of all non-empty words over A = {0,1,... ,p — 1} and 
via Wy, the set of all words including the empty word (f>. In the sequel the set 
of all n-letter words over the alphabet F p we denote as W n ; so W = U()T 1 W rl . 
To every word w = a n -\ ■ ■ ■ aqao we put into the correspondence a non-negative 

integer num(uj) = a 0 + ol\ • P H-+ a n -i • p n_1 . Thus num maps the set W of all 

non-empty finite words over the alphabet A onto the set No = {0,1,2,...} of all 
non-negative integers. We will also consider a map p of the set W into the real unit 
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half-open interval [0,1); the map p is defined as follows: Given w = /3 r _i... /?o £ W, 
put 


p(w) = num('ui) • p 


Pa + Plp-\ - pr-iP r 1 

p r 


= 0./3 r _i ...Po £ [0,1). 

( 2 . 1 ) 


We also use the notation O.w for 0.(3 r -i ... /3o- 

Along with finite words we also consider (left-)infinite words over the alphabet 
A; the ones are the infinite sequences of the form ... a^oqao where at £ A, i £ No- 
For infinite words the notion of a prefix and of a subword are defined in the same 
way as for finite words; whilst suffix is not defined. Let an infinite word w be even¬ 
tually periodic, that is, let w = ... /3*_i/3t_2 • • • /3oA-i/3t-2 ■ • • @oa r -ia r -2 • ■ • op for 
OiiPj £ A ; then the subword p t -i/3t-2 ■ • - A) is called a period of the word w and 
the suffix a r -2 ... op is called the pre-period of the word w. Note that a pre-period 
may be an empty word while a period can not. We write the eventually periodic 
word w as w = (/3 t -iPt-2 ■ ■ ■ /3o)°° a r -\Ctr -2 ■ ■ ■ «o- 


2.2. p-adic numbers. See [17} 201, 26: for introduction to p-adic analysis or com¬ 
prehensive monographs Emu for further reading. 

Fix a prime number p and denote respectively via N = {1,2,...} and Z = 
{0, ±1, ±2,...} the set of all positive rational integers and the ring of all rational 
integers. Given n £ N = No \ {0}, the p-adic absolute value of n is |n| p = p-° rd P n ? 
where p ordp n is the largest power of p which is a factor of n; so n — n' •p ordp 71 where 
n' £ N is co-prime to p. By putting |0| p = 0, | — n\ p = \n\ p and |n/m| p = |n| p /|TO| p 
for n, m £ Z, m ^ 0 we expand the p-adic absolute value to the whole field Q of 
rational numbers. Given an absolute value | | p , we define a metric in a standard 
way: |a—6| p is a p-adic metric on Q. The field Q p of p-adic numbers is a completion 
of the field Q of rational numbers w.r.t. the p-adic metric while the ring Z p of p-adic 
integers is a ring of integers of Q p ; and the ring Z p is a completion of Z w.r.t. the 
p-adic metric. The ring Z p is compact w.r.t. the p-adic metric: Actually Z p is a 
ball of radius 1 centered at 0; namely Z p = {r £ Q p : |r| p < 1}. Balls in Q p are 
clopen ; that is, both closed and open w.r.t. the p-adic metric. 

A p-adic number r £ Q p \ {0} admits a unique p-adic canonical expansion r = 
Y^=k a i‘P l where ai £ {0,1,...,p — 1}, k £ Z, ^ 0. Note that then any p- 
adic integer z £ Z p admits a unique representation z = Y^lLo ai P l ^ or suitable 
ai £ {0,1,... ,p — 1}. The latter representation is called a canonical form (or, a 
canonical representation) of the p-adic integer z £ Z p ; the *-th coefficient ai of the 
expansion will be referred to as the i-th p-adic digit of z and denoted via ai = 6i(z). 
It is clear that once 2 £ No, the *-th p-adic digit Si(z) of z is just the i-th digit in 
the base-p expansion of z. Note also that a p-adic integer z £ Z p is a unity of Z p 
(i.e., has a multiplicative inverse z£ Z p ) if and only if <5o(^) 0; so any p-adic 

number z £ Q p has a unique representation of the form 2 = z' ■ |^| p 1 where z' £ Z p 
is a unity. 

The p-adic integers may be associated to infinite words over the alphabet F p = 
{0,1,... ,p — 1} as follows: Given a p-adic integer z £ Z p , consider its canonical 
expansion 2 = &i ■ p 1 ', then denote via wrd(z) the infinite word .. .a^oqao 

(allowing some freedom of saying we will sometimes refer wrd(z) as to a base-p ex¬ 
pansion of z £ Z p ). Vice versa, given a left-infinite word w = ... a^oqao we denote 
via num(w) = ai ' P * corresponding p-adic integer whose base-p expansion is 

w thus expanding the mapping num defined in Subsection [2T] to the case of infinite 
words as well. It is worth noticing here that addition and multiplication of p-adic 
integers can be performed by using the same school-textbook algorithms for addi¬ 
tion/multiplication of non-negative integers represented via their base-p expansions 
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with the only difference: The algorithms are applied to infinite words that corre¬ 
spond to p-adic canonical forms of summands/multipliers rather than to a finite 
words which are base-p expansions of summands/multipliers. 

Given n £ N and a canonical expansion z = ESo f° r z ^ denote 
z mod p n = EITo a iP l ■ The mapping modp": z (->• z mod p n is a ring epimorphism 
of Z p onto the residue ring Z/p n Z (under a natural representation of elements of 
the residue ring by the least non-negative residues {0,1... ,p n — 1}). 

The series in the right-hand side of the canonical form converges w.r.t. the p-adic 
metric; that is, the sequence of partial sums cmodp™ converges to z w.r.t. the p-adic 
metric: lim((_ >00 (^ mod p") = z. It is worth noticing here that arbitrary infinite 
series E^o r * w h ere r i £ Q P converges in Q p (i.e., w.r.t. p-adic metric) if and 
only if linp-^oo |rj| p = 0 since p-adic metric is non-Archimedean; that is, it satisfies 
strong triangle inequality \x — y\ p < max{|a; — z\ p , |z — y\ p } for all x,y,z £ Q p . 

Note that z £ No if and only if all but a finite number of coefficients a^ in 
the canonical form are 0 while z £ {-1,-2,—3 ,...} if and only if all but a finite 
number of on are p — 1. Further we will need a special representation for p-adic 
integer rationals; that is, for those rational numbers z which at the same time are 
p-adic integers, i.e., for z £ Z p D Q. Note that z € Z p fl Q if and only if 2 can be 
represented by an irreducible fraction z = a/b , a £ Z, b £ N where b is co-prime to 
p. The following proposition is well known, cf., e.g., m Theorem 10]: 

Proposition 2.1. A p-adic integer z is rational (i.e., z £ Z p D Q) if and only if 
the sequence of coefficients of its canonical form is eventually periodic: 

z = chq + Oip + • • • + a,—i p r 1 + (A> + Pi p + • • • + Pt—iP * 1 )p r + 

(A) + PiP H-1- Pt-iP t ~ 1 )p r+t + (A) + Pip H-f A-ip t_1 )p r+2t d- (2.2) 

for suitable aj, A G {0,1 ,... ,p—1}, r £ No, t £ N (the sum oo+oup+- ■ --|-a r _ip r_1 
is absent in the above expression once r = 0). 

In other words, once a p-adic integer 2 is represented in its canonical form, z = 
Ep^ 0 7 iP l , the corresponding infinite word ... 7170 is eventually periodic: ... 7170 = 
(A-i ■ • ■ A)°° a r-i ■ • ■ ao- It is clear that given z £ Z p fl Q, both r and t are not 
unique: For instance, 

(A-l • ■ • A))°° a r—1 • • • op = (A)A-1 • ■ • PiPoPt-i ■ ■ ■ Pi)°°o: r a r -i ... ao, 

where a r = A)- But once both pre-periodic and periodic parts (the prefix a r _i... ao 
and the word A-l ■ • • Po ) are taken the shortest possible, both the pre-period length 
r and the period length t are unique for a given p-adic rational integer z £ Z p n Q; 
we refer to a r _i... ao and to A-1A-2 • ■ • P1P0 as to pre-period of 2 and period of 
x accordingly. 

Given z £ Z p D Q we mostly assume further that in the representation z = 

a 0 -I-ha r _ip r_1 + (po-\ -1-A-iP t_1 ) • Ejlo P r+tj (respectively, in eventually 

periodic infinite word wrd(i:) = (A-i ■ • • Po)°°(Xr-i • • ■ a0 that corresponds to z) r 
is a pre-period length and t is a period length. Note that a pre-period may be an 
empty word (i.e., of length 0) while a period can not. 

Rational p-adic integers can also be represented as fractions of a special kind: 

Proposition 2.2. A p-adic integer z £ Z p is rational if and only if there exist 
t £ N, c £ Z, d £ {0,1 ,... ,p 4 — 2 } such that 

d 


z = c + 


p* — 1 


(2.3) 
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Proof. Indeed, z g7j p C I Q if and only if z is of the form (12.21) ; therefore 


2 = (a 0 + a\p -\ -h a r -ip r 1 - p r ) + p r ( 1 - 


+ PiP H-f Pt-iP l ~ 

p* — 1 

, , r —1 r , ^ , Co+ClPd-+ Ct-lP 4 " 1 /r> ^ 

(ao + aiPH- \-cx r -iP ~P + q) H-:- z - (2.4) 

p T — 1 

where Co + CiP+' ‘ ' + Ct-iP t_1 is a base-p expansion of the least non-negative residue 
s of p r (p 4 — 1 — (/?o + PiP H-+ A-iP* -1 )) = ( P 4 — 1 )? + s modulo p 4 — 1. □ 


./Vote 2.3. Recall that (1 — p m ) 1 = e Z p , for every m G N. 

/Vote 2.4. Note that once in (12.41) r is a pre-period length and t is a period length 
of z € Zp D Q, the representation (1^31) is unique; that is, the choice of c and d in 
(EH) is unique. 

In the sequel we often use base-p expansions of p-adic rational integers reduced 
modulo 1 (recall that if y G R then by the definition pmod 1 = y— [_yj G [0,1) C 1) 
along with their p-adic canonical forms. For reader’s convenience, we now summa¬ 
rize some facts on connections between these representations. 

It is very well known that a base-p expansion of a rational number is eventually 
periodic; that is, given x G Q D [0,1], the base-p expansion for x is 


X = O.yo ■ • ■ Xk- 1(£() ■ ■ ■ £n-l)°° = 

Xop - 1 + XiP ~' 2 + ' • • + Xk-iP~ k + £0P“ fe_1 
f 0 p- k ~ 1 - n + fip- k - 2 ~ n + ■ 


1 


(Xo P 


k -1 


XlP 


k—2 


+ • • • + Xk- 1) + 


1 


£ip-*" + • • • + &-1P 
+ Z n -ip- k - 2n + ■■■ = 
6^ 1 +ClP n ~ 2 + '--+Cn- 

p n — 1 


—k—n 


(2.5) 


where x-i , Pi G {0,1,... ,p — 1}. Note that in the base-p expansions of rational 
integers from [0,1] we use right-infinite words rather than left-infinite ones that 
correspond to canonical expansions of p-adic integers. 


Proposition 2.5. Given z G Z p nQ, represent z in the form (12.21) ; then 

z mod 1 = O.0 t -i-rPt-2-r ■ ■ ■ PoPt-iPt -2 ■ • ■ Pt-r)°° mod 1, 

where ft = p— 1 — p for p G {0,1,... ,p — 1} and r is the least non-negative residue 
of r modulo t if t > 1 or f = 0 if otherwise. 

Proof. Indeed, by Note 12.31 X)°l 0 p’" +4 - 7 = —p r (p 4 — 1) _1 in so z = u — vp r (p t — 
l) -1 where u = op + aip + • • • + a r -ip r ~ 1 and v = Po + Pip + • • • + Pt-iP 4 ■ 

Therefore 

( vp r \ 

z mod 1 =- - - mod 1. 

V p‘ - 1 / 

But [p 1 — 1) _1 = p -4 + p -24 + p~ 3t + ■ ■ ■ in R; so 

(p* - l)" 1 = 0.(00^_01)°° 

t-i 


and thus -v ■ (p 4 - 1) 1 = - 0 .(A-iA -2 • ■ -/3o)°°- 
Now just note that 

(p-l-7o) + (p— l-7i )PH-h(p-l-7 s -i)p s_1 =p s -l-(7o+7iPH-b7s-iP s_1 ) 
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for 70,71,... e { 0 , l,...,p- 1 }, s £ N; so 


(p ~ 1 ~ 7 o) + (p ~ 1 ~ 7 i )P H- 1 - (p ~ 1 

p s — 1 


and therefore 




7 o + 7 iP H-h 7 s-iP s 1 

p s — 1 


(-0.(7 s _i 7 s _2 • ■ • 7o)°°) mod 1 = (0.(7 s _i 7 s _ 2 • • • 7o)°°) mod 1 (2.6) 

where 7 = p — 1 — 7 for 7 £ {0,1,... ,p — 1}. □ 

Combining (1231) with Proposition 12.21 we see that all real numbers whose base-p 
expansions are purely periodic must lie in Z p D Q; therefore the following criterion 
is true: 


Corollary 2.6. A real number x is in 7 j p (IQ if and only if base-p expansion of 
xmodl is purely periodic: xmodl = 0.(,\'o ■ ■ • Xn- 1) 00 for suitable Xo, ■ ■ ■ , Xn-i G F p . 

The following corollary expresses base-p expansion of a p-adic rational integer 
via its representation in the form given by Proposition 12.21 

Corollary 2.7. Once a p-adic rational integer z £ Z p D Q is represented in the 
form as of Proposition \2.2\ then z mod 1 = 0 .(Ct-iCt -2 ■ • ■ Co)°° where d = £0 + (iP + 

Proof. Indeed, under notation of Proposition 12.21 z mod 1 = (d ■ (p 4 — 1) _1 ) mod 1 
and the result follows since (p* — l) -1 = p -t + p~ 2t + p~ 3t + • • • in K. □ 

Now we can find a period length of z £ Z p D Q provided z is represented as an 
irreducible fraction z = ajb , where a £ Z, b £ N. 

Proposition 2.8. Once a p-adic rational integer z 7 ^ 0 is represented as an ir¬ 
reducible fraction z = a/b, and if b > 1, then the period length t of z is equal to 
the multiplicative order of p modulo b (i.e., to the smallest <£N such that p f = 1 
(mod b)). 

Proof. Note that the multiplicative order i of p modulo b is the smallest positive 
integer such that p e (a/b) = a/b (mod 1). Indeed, p l = eb + 1 for a suitable e £ Z; 
so p e (a/b) = ea+ (a/b). On the other hand, if p s (a/b) = m+ (a/b) for some m £Z 
then a(p s — 1 ) = mb and thus p s — 1 = 0 (mod b) since a is co-prime to b (as the 
fraction a/b is supposed to be irreducible). 

Now, from Corollary 12.71 it immediately follows that (p*z) mod 1 = z mod 1 once t 
is a period length of z and that t is the smallest positive integer with that property. 
Finally we conclude that i = t. □ 

Now given b £ N, b co-prime to p, we denote via mult^p the multiplicative order 
of p modulo b if b > 1 or put mult^p = 1 once 6=1. Then multbp is the period 
length of z £ Z p D Q once z is represented as an irreducible fraction z = a/b where 
a £ Z and 6 £ N. Note that we consider here only infinite words that correspond to 
p-adic rational integers; thus to, e.g., 0 there corresponds a word ( 0 )°° (so a period 
of 0 is 0 and a pre-period is empty) and the respective base-p expansion of 0 is 

0.(0)°°. Also, l = l + 0- p + 0-p 2 -| -, the corresponding infinite word is (0)°°1; 

therefore 1 is a pre-period of 1 , 0 is a period of 1 , and the representation of 1 in 
the form (12.31) is 1 = 1 + (0/p — 1). 

Example 2.9. Let p = 2; then 1/3 = 1-1 + 1- 2 + 0- 4 + 1- 8 + 0-16-) -= 1 — 2 - 3 _1 

is a canonical 2-adic expansion of 1/3; so the corresponding infinite binary word is 
(01)°°1. Therefore the period length of 1/3 is 2 (and note that the multiplicative 
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order of 2 modulo 3 is indeed 2), the period is 01, the pre-period is 1. Also, c = 0 
and d = 1 once 1/3 is represented in the form of Proposition 12.21 1/3 = 0.(01)°° is 
a base-2 expansion of 1/3, cf. Proposition 12.51 and Corollary 12.71 

2.3. Automata: Basics. Here we remind some basic facts from automata theory 
(see e.g. monographs El IMS]). 

By the definition, a (non-initial) automaton is a 5-tuple 21 = (5, S, 0, S , O) where 
J is a finite set, the input alphabet ; 0 is a finite set, the output alphabet ; S is 
a non-empty (possibly, infinite) set of states; S':3xS->Sisa state transition 
function; O : 3 x S —> 0 is an output function. An automaton where both input 
alphabet 3 and output alphabet 0 are non-empty is called a transducer , see e.g. 
El ID- The initial automaton 2l(so) = (J, S, 0, S, O, sq) is an automaton 21 where 
one state so S § is fixed; it is called the initial state. We stress that the definition 
of an initial automaton 2t(so) is nearly the same as the one of Mealy automaton 
(see e.g. [8] IS]) with the only important difference: the set of states § of 2l(so) 
is not necessarily finite. Note also that in literature the automata we consider in 
the paper are also referred to as (letter-to-letter) transducers; in the sequel we use 
terms ‘automaton’ and ‘transducer’ as synonyms. 

Given an input word w = Xn-i ■ ■ ■ XiXo over the alphabet 3, an initial transducer 
2t(so) = (3, S, O, S, O , So) transforms w to output word w' = f n -\ ■ ■ • £i£o over the 
output alphabet 0 as follows (cf. Figure[5]): Initially the transducer 2l(so) is at the 
state so; accepting the input symbol xo £ 3, the transducer outputs the symbol 
£o = 0(x 0 jS o ) £ 0 and reaches the state si = S(xo,So) £ §; then the transducer 
accepts the next input symbol \i £ 3, reaches the state s 2 = S(\ 1 , si) £ S, outputs 
£1 = O(xi)Si) £ O, and the routine repeats. This way the transducer 21 = 2l(so) 
defines a mapping a = a So of the set W„(J) of all n -letter words over the input 
alphabet 3 to the set ”W„(0) of all n-letter words over the output alphabet 0; thus 
21 defines a map of the set W(J) of all non-empty words over the alphabet 3 to the 
set W(0) of all non-empty words over the alphabet 0. We will denote the latter 
map by the same symbol a (or by a So if we want to stress what initial state is 
meant), and when it is clear from the context what alphabet A is meant we use 
notation W rather than W(A). 


state transition 


input 

• • Xi+iXi 



output 

£i£i—1 ' sO 


Figure 5. Initial transducer, schematically 


Throughout the paper, ‘automaton’ mostly stands for ‘initial automaton’; we 
make corresponding remarks if not. Further in the paper we mostly consider trans¬ 
ducers. Furthermore, throughout the paper we consider reachable transducers only; 
that is, we assume that all states of the initial transducer 21(sq) are reachable from 
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the initial state so' Given s € S, there exists input word w over alphabet J such that 
after the word w has been feeded to the automaton 2l(so), the automaton reaches 
the state s. A reachable transducer is called finite if its set S of states is finite, and 
transducer is called infinite if otherwise. 

To the initial automaton 2l(so) we put into a correspondence a family fF(2l) of 
all sub-automata 2l(s) = (J, S, 0, S, O, s), s £ §, where § = §(s) C S is the set of all 
states that are reachable from the state s and S , O are respective restrictions of the 
state transition and output functions S, O on J x §. A sub-automaton 2l(s) is called 
proper if the set S of all its states is a proper subset of S. A sub-automaton 2l(s) 
is called minimal if it contains no proper sub-automata. It is obvious that a finite 
sub-automaton is minimal if and only if every its state is reachable from any other 
its state. The set of all states of a minimal sub-automaton of the automaton 21 is 
called an ergodic component of the (set of all states) of the automaton 21. It is clear 
that once the automaton is in a state that belongs to an ergodic component, all 
its further states will also be in the same ergodic component. Therefore all states 
of a finite automaton are of two types only: The transient states which belong to 
no ergodic component, and ergodic states which belong to ergodic components. It 
is clear that the set of all ergodic states is a disjoint union of ergodic components. 
Note that we use the term ‘minimal automaton’ in a different meaning compared 
to the one used in automata theory, see, e.g., HU: Our terminology here is from 
the theory of Markov chains, see, e.g., mi (since to the graph of state transitions 
of every automaton there corresponds a Markov chain). 

Hereinafter in the paper the word ‘automaton’ stands for a letter-to-letter initial 
transducer whose input and output alphabet consists of p symbols, and we mostly 
assume that p is a prime. Thus, for every n = 1, 2, 3,... the automaton 2l(so) = 
(F p , §, F p , S, O , so) maps n-letter words over F p to 77-letter words over F p according 
to the procedure described above, cf. Figure[5j Given two such automata 21 = 2l(so) 
and 23 = 23(fo), their sequential composition (or briefly, a composition) £ = 23 o 21 
can be defined in a natural way via sending output of the automaton 21 to input 
of the automaton *8 so that the mapping c: W —► W the automaton £ performs is 
just a composite mapping boa (cf. any of monographs [HI El [IS] for exact definition 
and further facts mentioned in the subsection). Note that a composition of finite 
automata is a finite automaton. 

In a similar manner one can consider automata with multiply inputs/outputs; 
these can be also treated as automata whose input/output alphabets are Cartesian 
powers of F p : For instance, and automaton with m inputs and n outputs over al¬ 
phabet Fp can be considered as an automaton with a single input over the alphabet 
F™ and a single output over the alphabet F”. Moreover, as the letters of the alpha¬ 
bet Fj( are in a one-to-one correspondence with residues modulo p k ; the automaton 
with m inputs and n outputs can be considered (if necessary) as an automaton with 
a single input over the alphabet Z/p m Z and a single output over alphabet Z/p”Z. 

is an automaton with 2 inputs and 1 output which 

Compositions of automata with multiple inputs/outputs can also be naturally 
defined: For instance, given automata 2ti, 2G, and 2 I 3 with mi, 7712,7713 inputs and 
771 , 772,773 outputs respectively, in the case when m 3 = 771+772 one can consider 
a composition of these automata by connecting every output of automata 2 li and 
2 I 2 to some input of the automaton 2 I 3 so that every input of the automaton 2 I 3 is 
connected to a unique output which belongs either to 2 li or to 2 I 2 but not to the 
both. This way one obtains various compositions of automata 2li and 2G, with the 
automaton 2 I 3 , and either of these compositions is an automaton with mi + m 2 
inputs and 773 outputs. Moreover, either of the compositions is a finite automaton 
if all three automata 2li, 2G, 2 I 3 are finite. 
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Automata can be considered as (generally) non-autonomous dynamical systems 
on different configuration spaces (e.g., W,„ W, etc.); the system is autonomous 
when neither the state transition function § nor the output function 0 depend on 
input; in this case the automaton is called autonomous as well. For purposes of the 
paper it is convenient to consider automata with input/output alphabets A = F p as 
dynamical systems on the space Z p of p-adic integers, i.e., to relate an automaton 
21 to a special map /g: Z p —> Z p . In the next subsection we recall some facts about 
the map /g. 

2.4. Automata maps: the p-adic view. We identify n-letter words over F p with 
non-negative integers in a natural way: Given an n-letter word w = Xn-iXn -2 ■ ■ ■ Xo 
(i.e., Xi S F p for i = 0,1, 2,..., n — 1), we consider w as a base-p expansion of the 
number num(w) = Xo + Xi ' P + ■ • • + Xn-i ■ p™^ 1 £ No- In turn, the latter number 
can be considered as an element of the residue ring Z/p n Z modulo p n . We denote 
via wrd„ an inverse mapping to num. The mapping wrd„ is a bijection of the set 
{0,1... ,p" — 1} C No onto the set W„ of all n-letter words over F p . 

As the set {0,1... ,p n — 1} is the set of all non-negative residues modulo p n , to 
every automaton 21 = 2l(s) there corresponds a map from Z/p™Z to 'L/p n 'L , for 

every n = 1, 2,3, _ Namely, for r £ Z/p"Z put f n ,<a{r) = num(a(wrd„(r))), where 

a is a word transformation of W n performed by the automaton 21, cf. Subsection 

El 

Speaking less formally, the mapping / nj g can be defined as follows: given r £ 
{0,1,..., p n — 1}, consider a base-p expansion of r, read it as a n-letter word over 
Fp = {0,1, • ■ ■ ,p — 1} (put additional zeroes on higher order positions if necessary) 
and then feed the word to the automaton so that letters that are on lower order 
positions (‘less significant digits’) are feeded prior to ones on higher order positions 
(‘more significant digits’). Then read the corresponding output n-letter word as 
a base-p expansion of a number from No keeping the same order, i.e. when the 
earliest outputted letters correspond to lowest order digits in the base-p expansion. 

We stress the following determinative property of the mapping /„,,a which fol¬ 
lows directly from the definition: Given a, b £ {0,1,... ,p" — 1}, whenever a = b 
(mod p k ) for some k £ N then necessarily / n ,g(a) = f n ,< 2 i(b) (mod p fc ). This impli¬ 
cation may be re-stated in terms of p-adic metric as follows: 

\fnM a ) ~ fn,%(b)\ p < \a - b\ p . (2.7) 

Furthermost, every automaton 21 = 2l(so) defines a mapping /21 from Z p to 
Z p which can be specified in a manner similar to the one of the mapping / n ,a: 
Given an infinite word w = ... Xn-iXn -2 ■ ■ • Xo (that is, an infinite sequence) over 
F p we consider a p-adic integer whose p-adic canonical expansion is z = z(w) = 
Xo + Xi • P + ■ ■ ■ + Xn—i ■ p™ -1 + • • •; so, by the definition, for every z £ Z p we put 

Si(Mz)) = 0(5i(z), Si ) (* = 0,1,2,...), (2.8) 

where s* = 5'(<5,;_i(2:), Sj_i), i = 1,2,..., and di(z) is the i-th p-adic digit of z; 
that is, the i-th term coefficient in the p-adic canonical representation of 0 : Si(z ) = 
Xi £ F p , i = 0,1,2,... (see Subsection & The so defined map /g is called the 
automaton function (or, the automaton map) of the automaton 21. Note that from 
(12.81) it follows that 

5i(h(z)) = $i(5o(z),Si(z )), (2.9) 

where 4>i is a map from the (* + l)-th Cartesian power F(, +1 of F p into F p . 

More formally, given z £ Z p , define /g(z) as follows: Consider a sequence (z mod 
P n )%L 1 and a corresponding sequence (/„,g(z modp n ))^L 1 ; then, as the sequence 
(zmodp")^ converges to z w.r.t. p-adic metric (cf. Subsection l2.2D . the sequence 
(/„, a (z modp")))^ in view (12.71) also converges w.r.t. the p-adic metric (since the 
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latter sequence is fundamental and Z p is closed in Q p which is a complete metric 
space). Now we just put fa(z) to be a limit point of the sequence (f n ,w.(z mod 
P n )) < ff=i- Thus, the mapping /<a is a well-defined function with domain Z p and 
values in Z p ; by (E2D the function /<a satisfies Lipschitz condition with a constant 
1 w.r.t. p-adic metric. 

The point is that the class of all automata functions that correspond to automata 
with p-letter input/output alphabets coincides with the class of all maps from Z p to 
Z p that satisfy the p-adic Lipschitz condition with a constant 1 (the 1-Lipschitz 
maps, for brevity), cf., e.g., [5]. We note that the claim can also be derived from a 
more general result on asynchronous automata m Proposition 3.7]; for p = 2 the 
claim was proved in 1431 . 

Further we need more detailed information about finite automata functions , that 
is, about functions f%: Z p —► Z p where 21 = 2l(so) is a finite automaton (i.e., with 
a finite set S of states). It is well known (cf. previous subsection 12.31) that the 
class of finite automata functions is closed w.r.t. composition of functions and 
a sum of functions: Once /, g: Z p —> Z p are finite automata functions, either 
of mappings x K > f{g{x)) and x H > f{x ) + g(x) (x £ Z p ) is a finite automaton 
function. Another important property of finite automata functions is that any 
finite automaton function maps Z p nQ into itself. In view of (12.2D . the latter 
property is just a re-statement of a a well-known property of finite automata which 
yields that any finite automaton feeded by an eventually periodic sequence outputs 
an eventually periodic sequence, cf., e.g., [SJ Corollary 2.6.9], [T5] Chapter XIII, 
Theorem 2.2.]. Since further we often use that property of finite automata, we 
state it as a lemma for future references: 

Lemma 2.10. If a finite automaton 21 is being feeded by a left-infinite periodic 
word w°°, where w £ W is a finite non-empty word, then the corresponding output 
left-infinite word is eventually periodic; i.e., it is of the form u°°v, where u £ W, v £ 
W^. To put it in other words, if a finite automaton is being feeded by an eventually 
periodic finite word ( w) k t, where w £ W, t £ and k £ N is sufficiently large, 
then the output word is of the form r(uYv, where I £ N, u £ W, r, v £ and r is 
either empty or a prefix of u: u = hr for a suitable h £ W^. Therefore the output 
word is of the form (uYv', where u is a cyclically shifted word u. 

To study finite automata functions it is convenient sometimes to represent 1- 
Lipschitz maps from Z p to Z p as special convergent p-adic series, the van der Put 
series. Details about the latter series may be found in, e.g., GHEE]; here we only 
briefly recall some basic facts. Given a continuous function /: Z p —> Z p , there 
exists a unique sequence B 0 , B\, B 2l ■ ■ . of p-adic integers such that 


for all z £ Z p , where 


OO 

f( z ) = z ) 

m =0 


x(m, z) 


1, if |z - m | p < p n 
0, otherwise 


( 2 . 10 ) 


and n = 1 if m = 0; n is uniquely defined by the inequality p n ~ l < m < p n — 1 
otherwise. The right side series in (12.101) is called the van der Put series of the 
function /. Note that the sequence Bq, B\,..., B m ,... of van der Put coefficients of 
the function / tends p-adically to 0 as m —> oo, and the series converges uniformly 
on Z p . Vice versa, if a sequence Bq,B\, ..., B m ,... of p-adic integers tends p- 
adically to 0 as m —> oo, then the the series in the right part of (12.101) converges 
uniformly on Z p and thus define a continuous function /: Z p —> Z p . 
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The number n in the definition of x( m , z ) has a very natural meaning; it is just 
the number of digits in a base-p expansion of m £ No: 

[log p m\ = (the number of digits in a base-p expansion for m) — 1; 

therefore n = [log p mj + 1 for all m £ No (that is why we assume [log p Oj = 0). 

Note that coefficients B m are related to the values of the function / in the 
following way: Let m = mo + ... + m n - 2 P n ~ 2 + m n -ip n be a base-p expansion 
for m, i.e., nij £ {0,... ,p — 1}, j = 0,1,..., n — 1 and m n _i ^ 0, then 


B 


m 


f(m) - f(m - m n --ip n 1 ), if m > p; 
/(m), if otherwise. 


( 2 . 11 ) 


It worth noticing also that x( m , z ) is merely a characteristic function of the ball 
®p-Lio*P m J-i( m ) = m + pL log p H-iZp of radius p _ L log p m J _1 centered at m £ Nq: 


X(™, z) 


1, if z = m (mod pL logp +1 ); 
0, if otherwise 


1, if x £ B p _ LlogpmJ _ 1 (m); 

0, if otherwise 

( 2 . 12 ) 


Theorem 2.11 (cf. [3j). A function f: Z p —> 7j p is 1-Lipschitz (that is, an au¬ 
tomaton function) if and only if f can be represented as 

OO 

/(*) = E & m pL logp H x ( TO ,2), (2.13) 

m =0 

where b m £ Z p for m = 0,1, 2,... 


By using the van der Put series it is possible to determine whether a mapping 
/: Zp —> X p is an automaton function of a finite automaton. We first remind some 
notions and facts from the theory of automata sequences following [2]. 

An infinite sequence a = (ai)?fi 0 over a finite alphabet A, ffA = L < oo, is 
called p-automatic if there exists a finite transducer T = (F p , §, A, S, O, so) such 
that for all n = 0,1,2,..if T is feeded by the word \kXk-i ■ • ■ Xo which is a base-p 
expansion of n = \o +XiP+''' XkP k , Xfc 7 ^ 0 if n ^ 0, then the fc-th output symbol 
of T is a n ; or, in other words, such that Sf(f%(n)) = a n for all n £ No, where 
k = [logp nj and S^(r) stands for the fc-th digit in the base-L expansion of r £ No- 
A p-kernel of the sequence a is a set ker p (a) of all subsequences (aj P ™+t)^T 0 , 
m = 0 , 1 , 2 ,..., 0 < t < p m . 


Theorem 2.12 (Automaticity criterion, cf. {2, Theorem 6.6.2]). A sequence a is 
p-automatic if and only if its p-kernel is finite. 

Theorem 2.13 (Finiteness criterion, cf. j5]). Let a 1-Lipschitz function f: Z p — ► 
Zp be represented by van der Put series (12.131) . The function f is a finite automaton 
function if and only if the following conditions hold simultaneously: 

(i) all coefficients b m , m = 0,1, 2, ..., constitute a finite subset Bf C Q D Z p , 
and 

(ii) the p-kernel of the sequence (b m )m =o finite- 

Note 2.14. Condition (ii) of the theorem is equivalent to the condition that the 
sequence (&m)m=o * s p-automatic, cf. Theorem 12.121 


Criteria to determine if an automaton function is finite which are based on 
expansions other than van der Put are also known, cf. [4TJ [44]. 

In literature, automata with multiple inputs and outputs over the same alphabet 
are also studied. We remark that in the case when the alphabet is F p , the automata 
can be considered as automata whose input/output alphabets are Cartesian powers 
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F p and F™, for suitable m,n £ N. For these automata a theory similar to that of 
automata with a single input/output can be developed: Corresponding automata 
function are then 1-Lipshitz mappings from Z p to Z™ w.r.t. p-adic metrics. Recall 
that p-adic absolute value on iff is defined as follows: Given (zi,..., z*,) £ Z*, put 
|(zi,..., Zk)\ P = max{|zj| p : i = 1,2,..., fe}. The so defined absolute value (and 
the corresponding metric) are non-Archimedean as well. The main theorem of the 
paper holds (after a proper re-statement) for these automata as well, see Theorem 
15.51 

It is worth recalling here a well-known fact (which also can be proved by using 
Theorem 12.151) that addition of two p-adic integers can be performed by a finite 
automaton with two inputs and one output: Actually the automaton just finds 
successively (digit after digit) the sum by a standard addition-with-carry algorithm 
which is used to find a sum of two non-negative integers represented by base-p 
expansions thus calculating the sum with arbitrarily high accuracy w.r.t. the p- 
adic metric. On the contrary, no finite automaton can perform multiplication of 
two arbitrary p-adic integers since it is well known that no finite automaton can 
calculate a base-p expansion of a square of an arbitrary non-negative integer given 
a base-p expansion of the latter, cf., e.g., [<£ Theorem 2.2.3]. 

From these remarks combined with Theorem 12.131 the following properties of 
finite automata functions can be deduced: 

Proposition 2 . 15 . Let 21, 18 be finite automata, let a, b £ Z p nQ be p-adic rational 
integers. Then the following is true: 

(i) the mapping z H > f<n(z) + f<s(z) of Z p into Z p is a finite automaton func¬ 
tion; 

(ii) a composite function f(z) = a ■ f<&(z) + b, (z £ Z p ), is a finite automaton 
function; 

(iii) a constant function f{z) = c is a finite automaton function if and only if 

c £ z p n Q,' 

(iv) an affine mapping f(z) = c ■ z + d is a finite automaton function if and 
only if c, d £ Z p D Q. 

Proof. Note that the van der Put expansion of the constant function z i—>■ c is 

c = c%(0, z) + cx(l, z) H-b cx(p - 1, z) + Ox(p, z) + Ox(p + 1, z) d-, (2.14) 

while the van der Put expansion for the identity function z H > z is 

OO 

2 = XXi 0gp tl(*)P Ll0Sp,J x(M), (2.15) 

i=0 

where 6 j(i) stands for the j-th digit in the base-p expansion of i. Now all statements 
of the proposition follow immediately from Theorem 12.131 and the above mentioned 
facts from finite automata theory. □ 

Note that the statement of Proposition 12.151 is known: For instance, it can be 
deduced from the old work [3D] of A. G. Lunts. To our best knowledge, Lunts was 
the first who revealed connections between automata theory and p-adic analysis. 
It is worth noticing that Lunts defines automata functions in a slightly different 
way than we do: In his work, an automaton function is a 1-Lipschitz function 
F: Q p —> Q p such that F{pz) = pF{z) for all z £ Q p . Also, Lunts’ methods of 
proofs are completely different form the ones of Proposition 12. 15[ Unfortunately, 
most automata theorists seem to be unaware of the paper [501 since it was never 
translated into English and even was never reviewed by Mathematical Reviews. 
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Concluding the subsection, we remark that in literature (finite) automata func¬ 
tions are also known under names of (bounded) determinate functions, or (bounded) 
deterministic functions, cf., e.g., [47l flOl fill till. 

2.5. Real plots of automata functions vs Monna graphs. Further in the 
paper we consider special representation of automata functions by point sets of real 
and complex spaces. As we have already mentioned in previous section, several 
representations of this sort were considered: Via the so-called limit sets (see e.g. 
0), via the Monna graphs (see e.g. dQl HH [271 [281139] ) and via real plots which 
were originally introduced in [5J Chapter 11]. In the paper we focus on real plots; 
however we will start this subsection with saying few words about Monna graphs 
since in some meaning they are counterpart of real plots; and we will not touch 
limit sets at all since they are standing somewhat apart. 

The Monna graphs are based on the Monna’s representation of p-adic integers 
via real numbers of the unit closed segment [0,1] originally suggested by Monna 
in [33] : Given a canonical expansion z = Y2(iLo a iP l °f P-adic integer z £ Z p (cf. 
Subsection 12.21) . consider a real number mon(z) = a iP~ l ~ X G [0,1] C R. It is 
clear that mon maps Z p onto [0,1], however, mon is not bijective: The only points 
from the open interval (0,1) that have more than one (actually, exactly two) pre¬ 
image w.r.t. mon are rational numbers of the form y~)” n where a* = p — 1 

for some i > io since 

oo oo 

where (2.16) 

2—0 2=0 

{ aj, if j < *o — 2; 

(a io _i + 1) modp, ifj = i 0 ; 

0, if j > io + 1 

where ay = /3 j for all j < iq — 2, f3j = 0 for all j > i 0 and /3j 0 -i = (cti 0 -i +1) modp. 
We can naturally associate the segment [0,1] (or a half-open interval [0,1)) to the 
real circle § by reducing [0,1] modulo 1; that is, by taking fractional parts of reals 
from [0,1]: § = [0,1] mod 1. Then in a similar manner we may consider a mapping 
of Z p onto §; we will denote the mapping also via mon since there is no risk of 
misunderstanding. Note that w.r.t. the latter mapping the point 0 = 1 £ § has 
exactly two pre-images since YliLo 0 ' P~ l ~ X =0 = 1 = (TiiLaiP ~ 1) ' P~ x_1 in S. 

Now, given an automaton 21 = 2l(so), we define the Monna graph of 21 as follows: 
Let / = /ai be a corresponding automaton function, cf. Subsection 12.41 (that is, 
/: Zp —> Zp is a 1-Lipschitz function w.r.t. p-adic metric). Then the Monna graph 
M(2t) = M(/) (or, which is the same, of the automaton function /) is the point 
set M(2l) = M(/) = {(mon(z), mon(/(z))): 2 £ Z p }. Note that we can consider 
the Monna graph when convenient either as a subset of the unit real square I 2 , 
a Cartesian square of a unit segment, I 2 = [0,1] x [0,1], or as a subset of a 2- 
dimensional real torus T 2 = S x S, a Cartesian square of a real unit circle §. A 
Monna graph can be considered as a graph of a real function / a defined on [0,1] 
and valuated in [0,1]. Indeed, given a point x £ [0,1], which is not of the form 
(12.161) . there is a unique z £ Z p such that mon(z) = x. Therefore, / a is well defined 
at x since there exists a unique y £ [0,1] such that y = mon(/ 2 i(z)); so we just put 
f®(x) = y. Once x is of the form (12.161) . then there exist exactly two Z\,Z 2 £ Z p , 
z\ ^ Z 2 such that mon(zi) = mon(z 2 ) = x. As fa(zi) is not necessarily equal to 
/a ( 22 ), then / a may be not well defined at x: One have to assign to / a (x) both 
mon(/o|(zi)) and mon(/<a( 22 )) which may happen to be non-equal. To make / a 
well defined on [0,1] a usual way is to admit only representations of one (of two) 
types for x of the form (12.161) : say, only those with finitely many non-zero terms, 








QUANTIZATION CAUSES WAVES 


19 


cf., e.g., PBEE]- In this case the function / a becomes well-defined everywhere on 
[0,1] and having points of discontinuity at maybe the points of type (12.161) only. A 
typical Monna graph of the function / 21 looks like the one represented by Figure [4] 
Now we are going to introduce a notion of the real plot of an automaton function; 
the latter notion is somehow ‘dual’ to the notion of Monna graph. Given an automa¬ 
ton 21 = 2l(so), we associate to an m-letter non-empty word v = 7 m -i 7 m -2 ■ ■ - 7o 
over the alphabet F p a rational number 0.v whose base-p expansion is 


O.v = 0.7 m _i7 m _ 2 ■ ■ ■ 7o = 


^ ' 7 m—i 
i=0 


-IP 


—i — 1 . 


then to every m-letter input word w = a m _id m _2 ■ • • ao of the automaton 21 and to 
the respective m-letter output word a(w) = /3 m _i/3 m _2 ■ ■ ■ Po (rightmost letters are 
feeded to/outputted from the automaton prior to leftmost ones) there corresponds 
a point (0.u>; O.a(w)) of the real unit square I 2 ; then we define P(2t) as a closure 
in R 2 of the point set (0.u>; O.a(w)) where w ranges over the set W of all finite 
non-empty words over the alphabet F p . 

Z, 

the real plane R 2 as follows: For k = 1,2,... denote 

'zmod/ f(z) mod p k 


Given an automaton function / = / a : Z p —> Z p define a set P(/<a) of points of 


Ek(f) = 


p 


e I : z e 


(2.17) 


P‘ 

a point set in a unit real square I 2 = [0,1] x [0 
Uj^_i£?*:(/); then P(/) is a closure (in topology of 
if * = E~o 7 ip 1 is a p-adic canonical expansion of z £ Z p then p m (z mod p m ) = 


1] and take a union E(f) = 
of the set E(f). Note that 


0.7m-l7m-2 • ■ -70, C.f. 
further Note 12.181 


(12.171) : so P(2l) D P(/a). Moreover, P(2l) = P(/ a ), see 


Definition 2.16 (Automata plots). Given an automaton 21, we call a plot of the 
automaton 21 the set P(2l). We call a limit plot of the automaton 21 the point set 
LP(2l) which is defined as follows: A point (x\y) £ R 2 lies in LP(2t) if and only 
if there exist z € Z p and a strictly increasing infinite sequence k\ < k? < ... of 
numbers from N such that simultaneously 


0 mod p ki 

lim -r-= x ; 

i—t oo p lii 


lim fa(z) mod p ki 

i— s-oo p ki 


= v- 


(2.18) 


Note 2.17. Further in the paper we consider LP(2l) (as well as P(2l) and P(/)) 
either as a subset of the unit square I 2 C R 2 or as a subset of the unit torus 
T 2 = R 2 /Z 2 when appropriate. Note that when considering the plot on the unit 
torus we reduce coordinates of the points modulo 1, that is, we just ‘glue together’ 0 
and 1 of the unit segment I thus transforming it into the unit circle S (whose points 
we usually identify with the points of the half-open segment [0,1) via a natural one- 
to-one correspondence, say, w O sin 2 (w/2)). Also, sometimes we consider LP(2!) 
(as well as P(2l) and P(/)) as a subset of the cylinder I x § or of the cylinder 
§ x I by reducing modulo 1 either y- or ^-coordinate respectively. We denote the 
corresponding plot via LPm( 21) by using the subscript Me {I 2 , T 2 ,1 x S, S x 1} 
and we omit the subscript when it is clear (or when it is no difference) on which of 
the surfaces the plot is considered. 


We take a moment to recall some well-known topological notions and to introduce 
some notation. In the sequel, given a subset S' of a topological (in particular, metric) 
space M which satisfies the Hausdorff axiom we denote via APm(S) the set of all 
accumulation points of S. Recall that the point x £ M is called an accumulation 
point of S G M once every neighborhood of x contains infinitely many points from 
S; and a point y £ M is called isolated point of S (or, the point isolated from S; 












20 


VLADIMIR ANASHIN 


or, the point isolated w.r.t. S) once there exists a neighborhood U 5 y such that U 
contains no points from S other than (maybe) y. We may omit the subscript and 
use notation AP(S') when it is clear from the context what metric space is meant. 

We also write AP((ai)^ 0 ) (or briefly AP(a*), or AP(C)) for the set of all limit 
points of the sequence C = (ai)“ 0 over M. Recall that a point x £ M is called a 
limit (or, cluster) point of the sequence (aj)£2. 0 if every neighbourhood of x contains 
infinitely many members of the sequence (aj)£^ 0 ; that is, given any neighborhood 
U of x , the number of i such that at £ U is infinite (note that the very ai £ U are 
not assumed to be pairwise distinct points of M; some, or even all of them may be 
identical). Note that in topology the terms ‘accumulation point of a set’ and ‘limit 
point of a set’ are used as synonyms; however to avoid possible misunderstanding 
we reserve the term ‘limit point’ only for sequences while for sets we use the term 
‘accumulation point’. 

Note 2.18. The definition of P(2l) immediately implies that (x;y) £ P(2l) if and 
only if there exists a sequence of finite non-empty words £ W such that 

A(wi) = ki for all i = 0,1,2,... and lim^oo p{wf) = x , Hindoo p(a(wi)) = y. Note 
that once (. x;y) £ LP(2l) then there exists a sequence (wi)™ 0 of words such that 
the sequence (A(wi) = ki)fl 0 of their lengths is strictly increasing: One just may 
take W{ = wrdfc ,(z mod p ki ), cf. (12.11) and Subsection 12.41 Therefore LP(2l) C 
AP(P(/a)). Moreover, from Definition 12.161 it readily follows that AP(P(/a)) = 
AP(i5(/g)) = AP(P(2l)) since given a finite non-empty word w and taking any 
z £ such that the prefix of the corresponding infinite word is w (i.e., such that 
w = wrdA(u.)(z mod p A 0))) we see that p{a(w)) = ((/a( 2 )) modp A ( w ^)/p A ( w \ This 
implies that P(2l) = P(/a) since P(/a) = E(f<n) U AP(E(fy)) = P(2l); so in the 
sequel we do not differ automata plots from the plots of automata functions and use 
both P(2l) and P(/a) as notation for the plot of the automaton 21. Also we may 
use notation LP(/g) along with LP(2l) to denote the limit plot of the automaton 
21. 

We stress here once again a crucial difference in the construction of plots and 
of Monna graphs of automata: Given a canonical expansion of p-adic integer 
z = we P u t hit° a correspondence to 2 a single real number mon(z) = 

while constructing Monna graphs; whereas in the construction of 
plots we put into a correspondence to z a whole set of all limit points of the se¬ 
quence ( p~ m (z modp m ))^ =1 , and the latter set may not consist of a single point; 
moreover, ‘usually’ the set never consists of a single point since with a probability 
1 the set is a whole segment [0,1]. Therefore to study structure of plots we need to 
work with sets of all limit points of (usually non-convergent) sequences rather than 
with limits of convergent sequences as in the case of Monna maps. 

Proposition 2.19. Let 21 be an arbitrary automaton; then LP(21) contains no 
points isolated w.r.t. (cf. (12.171) and the text thereafter). 

Proof of Provosition \2.19\ Let (x; y) £ LP(2l) be a point isolated w.r.t. E(f<&)- As 
(x;y) £ LP(2l), let z = Y^JLoCj ' P’’ be a p-adic canonical representation of the 
p-adic integer z £ r L p mentioned in Definition 12.161 and let /g (z) = 7j ■ p 5 be 
a p-adic canonical expansion of the p-adic integer f<&(z). Then as the point (x; y) is 
isolated, there exists I £ N such that ^modp fci /p fei = x and f^{z)modp ki /p ki = y for 
all i > /, cf. (12.181) (if otherwise, the point (x,y) is not isolated w.r.t. E(fy)). Put 
Wi = wrd fci (z mod p ki /p ki ) = Cfc<-iCfc t -2 • • • Co, «» = wrd fci (fa(z) mod p ki /p ki ) = 
7fc.-i7fc.-2 ■■• 7 o; then 

O-Cfc.-i • • - Co = x; 

0 - 7 fc.-i.. .70 = y, 


(2.19) 

( 2 . 20 ) 












QUANTIZATION CAUSES WAVES 


21 


for all i > I. We claim that then necessarily both z = 0 and /g (z) = 0 (whence 
both x = 0 and y = 0). 

Indeed, as the sequence X = (ki)fl 0 is infinite and strictly increasing, then taking 
i = I in (12.1911 we conclude that necessarily Co = Ci = " ' = Cfc/+M-fc/-i = 0 for all 
Mel Therefore, taking M large enough so that kj+M — ki > kj (which is always 
possible since the sequence X is strictly increasing) we see that Co = Cl = ''' = 
Cfcj-i = 0 and thus Q = 0 for all i £ No since 0 -Cfci-i • • ■ Co = 0-Cfc/-i ■ ■ ■ Co for all 
i > I by (12.191) . But this implies that z = 0 (whence x = 0 ). The same argument 
combined with (12.2011 shows that /ai(0) = 0 and y = 0. 

Consider now an automaton © whose automaton function f<g is defined as fol¬ 
lows: Given a p-adic canonical representation z = Cj ' P*■> ^ ^o(/®(*)) = 1 
and Sj(fts(z)) = Sj{f%(z)) for j > 0. Such an automaton IB exists since the so 
defined function /<g satisfies (12.91) and thus is 1-Lipschitz, cf. Subsection 12.41 Ac¬ 
tually the automaton being feeded by the input word .. .C2C1C0 just put 1 as the 
first output letter and put 7 j for the j-th output letter for j > 0 where ... 727170 
is the output word of the automaton 21 feeded by the input word • ■ • C2C1C0; that is, 
© outputs ... 7271 1 being feeded by ... C2CiCo- 

From I2TT71 and Definition 12.161 it immediately follows that LP(2l) = LP(©) 
and that a point (x;y) £ R 2 is an isolated point of E(f<s) if and only if it is an 
isolated point of But by the claim we have proved above, once (x\ y ) is an 

isolated point of E(f<s), then necessarily = 0. But the first letter of any 

output word of automaton © is 1 by the construction of /©; thus c>o(/'b( 0)) = 1 
and so /®(0) / 0. From the claim we have proved at the beginning of the proof 
it follows now that LP(©) cannot contain isolated points of E(f<g)- : thus LP(2l) 
cannot contain isolated points of E(f<i 1 ). □ 


Remark. Note that Proposition 12.191 only states that LP(2l) contains no points 
isolated from E(f<%), but of course LP(2l) may contain isolated points w.r.t. itself. 
For instance, let 21 be a p-adic odometer; that is, fy(z) = z + 1 (the automaton 
21 may be taken a finite then). Then the point (1; 0) £ I 2 is an isolated point 
of LPi 2(21) w.r.t. LPj 2(21); however LP T 2(2l) contains no points isolated w.r.t. 
LP t2 (21). 


Theorem 2.20. If automaton 21 is finite and minimal then AP(£(/a)) = LP(2l). 


Proof of Theorem \2.2(A By Proposition 12.191 AP (E(/<&)) D LP(2l); we need to 
prove that the inverse inclusion also holds. Let (x\y) £ AP(E(f<n))-, then there 
exists a sequence of p-adic integers and a sequence (ki)°l 0 of integers from 

N such that all the points 


Pi = 

are pairwise distinct and 


Zi mod p ki /21 (Zi) mod p 


ki 


Zi mod p ki 

lim -7- = x; 

i—too p Ki 

r f%(zi) mod p ki 

am - T- -= V- 


We may assume that the sequence (ki)fl 0 is increasing since otherwise in the point 
sequence (Pi)^ 0 there are only finitely many pairwise distinct points. Moreover, 
we may assume that the sequence (ki)fl 0 is strictly increasing; we consider corre¬ 
sponding infinite point subsequence of (Pi)£ff 0 ^ otherwise. So we see that there 
exists an infinite sequence of words h n = wrd ki{Zi modp fci ) of strictly increasing 
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lengths ki such that 


lim 0 .hi = x\ 

i—yoo 


lim O.a(hi) = y. 


( 2 . 21 ) 

( 2 . 22 ) 


That is, there exists a sequence (/ij)^, 0 of words hi = ot£_\ ■ ■ ■ of strictly 

(i) (i) 

increasing lengths 1 < ko < k\ < k 2 < • • • such that lini^oo 0 .a k _ 1 ■ ■ ■ chq = x. 

From here it follows that once i is sufficiently large (say, once i > Mq £ No) then 

a k _ x = Co for a suitable Co G F p . By the same reason, a k ._ 2 = Ci for a suitable Ci € 
F p once i is large enough (say, once i > Mi £ No), etc. Moreover, we may assume 
that the sequence (Mr)£L 0 is strictly increasing. Therefore, x = 0 -CoCi — Applying 
a similar argument to the sequence / 3 k ^_ 1 p k ^_ 2 ... j 3 ^ = a(a k ^_ 1 ct k ^_ 2 ■ ■ ■ a^) (* = 

0,1,2,...) we conclude that there exists a strictly increasing sequence (Ne)'j£L 0 such 
(i) 

that P k _(_i =7<eF p once i > Ng and therefore y = O.7071_ Moreover, by the 

construction of the sequences (Me )^ 0 and (A^)gl 0 we may assume that Mi = Ne 
for all £ £ No- Thus we have shown that 

a k--i ■ ■ ■ a o } = C0C1 • ■ • Qw < e' > if i > M e {£ = 0 , 1 , 2 ,...); 

Pki-i ■ ■ ■ 4 ° = 7 o 7 i • • • ItMx if i > M e (£ = 0 , 1 , 2 ,...), 

where w^\u^ £ and 7071...7 eu^ = a(CoCi • • • Qwf 1 ), [i = 0,1,2,...). Let 

s e be a state the automaton 21 reaches after being feeded by the input word w\ 

(note that sf* = so, the initial state, once wf* is empty word). As the number of 

states of 21 is finite, at least one state s £ S repeats in the sequence (si Me ' 1 ') 

\ 1 ) e=o 

infinitely many times. Therefore 

lim 0 -Co ... C e = x; whence x = O.C0C1C2 • • • ( 2 . 23 ) 

€—>•00 

lim 0 .a s (Co ■■■Ce) = y, whence y = 0 .707172 • ■ • ■ ( 2 . 24 ) 

t—¥ OO 

Denote we = Co • • • Ce, v t = 7o • • • 7r, (^ = 0,1,2,...). As every state of the au¬ 
tomaton 21 is reachable from the initial state So, there exists a word to £ W $ 
such that the if the automaton 21 (which is initially at the state so) has been 
feeded by the word to, then 21 outputs the word to = a(io) and reaches the state 
s. Thus a(woto) = 7otoj and the automaton 21 after being feeded by the word 
woto reaches the state . As the automaton 21 is minimal, there exists a word 
t\ £ W 0 such that once the automaton 211 = 2l(r^ 0 ^) has been feeded by the 
word tj , the automaton reaches the state s. Now being feeded by the word wi, 
the automaton 2 l s = 2 t(s) outputs the word V\ and reaches a state r^. By the 
minimality of 21, there exists a word t 2 £ such that after 2l(r^^) has been 
feeded by the word t 2 , the automaton reaches the state s. Now after 2 l s has 
been feeded by the word w 2 , the automaton 2t s reaches the state r^ 2 \ and we 
can find a word to in a manner similar to that of described. Now being feeded 
by the so constructed left-infinite word ... w 2 t 2 WitiWoto, the automaton 21 out¬ 
puts the left-infinite word ... v 2 i 2 viiivoto where tj = a r a-i j = 1 , 2 , 3 ,.... 
Now consider p-adic integers z = YiLo X» ' P l and 7 = Y^L 0 £* ' P l which cor¬ 
respond to infinite words ... w^WitiWoto and ... v^t^vitivoto accordingly; that 
is, ...X2X1X0 = • • • W2t 2 w 1 tiWoto and . ..£ 2 £i£o = ■ ■ ■V2t 2 vii 1 voio- Then, by the 
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construction we have that z = f%(z), and from (12.2311 - (12.241) it follows that 

(2.25) 

(2.26) 

where Kj = M Wi ) + Xa=o A(fj). As the sequence {Kj)?L 0 is strictly increas¬ 

ing, from (12.251) (12.261) it follows now that (x;y) S LP(2l) in view of Definition 

mu 

□ 


z mod p Kj 

lim - T7 -= x: 


nKi 


lim 

j-y oo 


f*(z) mod p K i 

■nK, 


= y, 


It is well known (see e.g. [T[ Ch.2, Exercise 2]) that the set of all accumulation 
points of a Hausdorff topological space (the derived set of the space) is a closed 
subset of the space. From Theorem 12.201 it follows that once a finite automaton is 
minimal then its limit plot is a derived set of its plot (whence, closed): 


Corollary 2.21. Let an automaton 21 be finite and minimal; then the set LP(2l) 
is a derived set of P(2l) and therefore is closed in R 2 . A point {x;y) € R 2 be¬ 
longs to LP(2l) if and only if there exists a sequence (a^-i .. -a^) of finite 
non-empty words of strictly increasing lengths fco < k\ < 


ko < 


such that 


the sequence ^O.a^_ 1 a^_ 2 ■ ■ ■ tends to x and the corresponding sequence 


' i=0 

tends to y as i 


oo, where fi k _ 1 ■ ■ ■ /3q are respective 


output words of the automaton 21 that correspond to input words a^_ 1 . 
P£-iP$-2 ■ ■ • 00 ° = a ( a k--i a k--2 ■ ■ ■ a o '’). * = 0 , 1 , 2 ,...). 


.a, 


(i.e., 


We stress once again that words a ki -i ■ ■ - cxq are feeded to the automaton 21 from 
right to left; i.e. the letter a 0 is feeded to 21 first, then the letter a± is feeded to 21, 
etc. 


Proof of Corollaru \2.21\ By the definition, the set AP (E(f<&)) = AP(P(2l)) is a 
derived set of P(21); whence by Theorem 12.201 the set LP(2l) is a derived (thus, 
closed) set of P(2t). 

The necessity of conditions of the corollary follows immediately from Definition 
I2.16l since once (x; y) € LP(2t) then there exist ap-adic integer z = 0 o-vP 1 and a 

strictly increasing sequence 1 < k\ < k 2 < ■ ■ ■ over N such that (12.181) holds; that is, 
we just put = wrd ki (zmodp ki ) and = wrd ki (f(z)modp ki ), 

where / is an automaton function of 21, cf. Note 12.181 

To prove sufficiency of the conditions note that the conditions just yield that 
there exists an infinite sequence of words hi = a■ ■ ■ a of strictly increasing 
lengths ki such that (12.211) (12.221) hold. The argument that follows (12.211) (12.221) of 
the proof of Theorem 12.201 now proves the sufficiency. □ 

It is worth noticing here that the limit plot of a finite minimal automaton does 
not depend on what state of the automaton is taken as initial: 

Note 2.22. If s, t are states of a finite minimal automaton 21, s t, then LP(2l(s)) = 
LP (21(f)). 

Indeed, due to the minimality, every state of 21 is reachable from any other state 
of 21. Therefore if (x;y) 6 LP(21(f)) then by Definition 12.161 there exist z € Z p and 
a strictly increasing infinite sequence k\ < &2 < ... of numbers from N such that 
(12.181) holds. By the minimality of 21, there exists a finite word w of length K > 0 
such that after the automaton 2l(s) has been feeded by w, it reaches the state f. Now 
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by substituting in Definition 12.161 v K ■ z + num(in) for z and k\ + K < + K < ... 

for k\ < k ,2 < ■ ■ ■ we see that (12.1811 holds and therefore (x;y) £ LP(2l(s)). 

Using an idea similar to that of Note 12.221 it can be easily demonstrated that if 
25 is a sub-automaton of 21 then P(25) C P(2l) since every state of the automaton 
21 is reachable from its initial state: 

Note 2.23. Let 25 = Q5(s) be a sub-automaton of the automaton 21. As the initial 
state s of the automaton IB is reachable from the initial state So of the automaton 21, 
from the definition of the respective sets it immediately follows that P(25) C P(2l), 
LP(25) C LP(2t), and AP(25) C AP(2l). 

The following useful lemma is a sort of a counter-part of Lemma 12.101 in terms 
of points from LP(2l) rather than in terms of words. 

Lemma 2.24. Given a finite automaton 21 and a point x £ Z p nQ, if(x;y ) £ LP(2l) 
for some y £ R then y £ Z p D Q. 

Proof of Lemma \ 2. 2f\ As (x\y) £ LP(2l) then there exist z £ Z p and a strictly 
increasing sequence k 0 < k\ < ... over N such that (12.181) holds. Therefore there 
exists an infinite sequence of words hi = wrdfc 4 (z mod p ki ) of strictly increasing 
lengths ki such that (12.211) (12.221) hold simultaneously. Now repeating for the case 
Zi = z the argument that follows (12.211) (12.221) in the proof of Theorem 12.201 we 
conclude that (12.231) (12.241) hold in our case as well (note that nowhere in the 
mentioned argument from the proof of Theorem 12.201 we used that 21 is minimal). 
Moreover, in the notation of the argument, there exists a strictly increasing sequence 
over N such that 

= CoCi • ■ • if i > M e (l = 0,1,2,...); (2.27) 

Pjg-! ■ ■ ■ Po ] = 7o7i ■ • ■ 7 euf iii>M e (£= 0,1,2,...); (2.28) 

But do not depend on i since in our case z^ = z = a nP n (where 

« 0 ) Oil, ■ ■ ■ £ F p ) for all i; therefore 0 $ = a n for all n,i £ No- As x = O.^oCi • • • 

(cf. (12.231) 4 and x £ Z p D Q then the right-infinite word CoCi • ■ • must be purely 
periodic (cf. Corollary 12.61) with a period Xo ■ ■ ■ Xt-i of length t > 0: that is, 
CoCi ■ • ■ = (xo • ■ ■ Xt-i)°°- Now in (12.271) put l = mt — 1; then for every to S N we 
have that o^-i... aki-mt = (xo ■ ■ ■ Xt-i) m f° r all * > M mt . Now denote via Sm 
the state the automaton 21 reaches after have been feeded by the word w)^ t . Fix 
to £ N and denote s m a state which occurs in the sequence (tc^ t )^. M t infinitely 
often; due to the finiteness of the automaton 21 such state exists. Denote K m the 
smallest i > M mt such that s m = Sm (therefore K m > M mt ). And again due to the 
finiteness of the automaton 21 in the sequence (s m )“ =1 some state (say, s) occurs 
infinitely often. Let (m^pLo k e th® corresponding infinite (thus, strictly increas¬ 
ing) subsequence, i.e., s mj = s; then as the sequence is strictly increasing 

and as K m > M mt , in the sequence (A m;j )°7 0 there exists a strictly increasing 
subsequence, say (K m . r )ifL 0 (note that the sequence (mj r )ifL 0 is also strictly in¬ 
creasing). Now from (12.271) (12.281) it follows that once being feeded successfully by 
purely periodic words w r = a ki -i. ■ ■ a ki -m jr t = {xo ■ ■ ■ Xt-i) mjr for i = K mjr , 
r = 0,1,2,..., the automaton 2l(s) outputs the words v r = 7o7i ■ • • 7t-m,- -l- 
Now by combining Lemma 12.101 with Corollary 12.61 we conclude that if z' £ Z p 
is such that wrd z' = (xo • ■ • Xt-i)°° tl ien lim,.-,.^^ modp m >')/p m ^ = x and 
limr^oo^a^z')) mod p mjr )/p mjr = y £ Z p D Q. 

□ 

Yet one more property of automata plots is their invariance with respect to p- 
shifts. That is, given a point ( x ; y) £ P(2l), take base-p expansions x = O.X 1 X 2 X 3 • • •> 
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y = 0 .^i^ 2^3 ■ • ■ of coordinates x,y; then (O.X 2 X 3 • ■ ■; 0 .^ 2^3 • • •) £ P(2l). To put it 
in other words, the following proposition is true: 

Proposition 2.25. For an arbitrary automaton 21, if (x\y) £ P(2l) C T 2 ( resp., 
(x\y) £ LP(2l) C T 2 ) then {{px) mod 1; (py) mod 1) £ P(2l) (resp., ((px) mod 
1; (py) mod 1) £ LP(2l)). 

Proof of PropositionWM The first statement follows immediately from Note 12.181 
since once 

(O-Ofei ■ • ■ n 0 ; D.f3 ki ... Ad) -> (O.X 1 X 2 ■ • ■; 0.£i6 • ■ ■) 
as i -A 00 then necessarily 

(O.Qffcj— 1 ... o 0 ; 0-Pki-i ■ ■ ■ flo) —* (0-X2X3 • ■ •; 0.^2?3 ■ • ■) 

as * —> 00 . 

To prove the second statement, let / = /a: Z p —> Z p be an automaton func¬ 
tion of the automaton 21. As (x;y) £ LP(2l), there exists z £ Z p and a strictly 
increasing sequence (/q)“i 0 over N such that x = lim i _ ) . (>0 ( 2 : mod p ki )/p ki and 
y = linu_ >00 (/( 2 :) mod p ki )/p ki , cf. Definition 12.161 Therefore (px) mod 1 = 
(p\\u\ i ^ too (zmodp ki ) / p ki ) mod 1 = lim i ^ 00 (p(^modp fei )/p fci )modl = lim i ^. 00 (x: mod 
pki-iypki-i ag y m od p ki )/p ki = Cfei-iP -1 + (ki- 2 P~ 2 + ■■ ■ + Co P~ ki once z = 
Co + CiP + • • • + Cki-iP ki ~ l + ■ ■ ■ is a p-adic canonical representation for z £ 
Z p . By the same reason, (py) mod 1 = (p\im i ^ XI (f(z) mod p ki )/p ki ) mod 1 = 
lim i _ > . 00 (p(/( 2 :) modp fci )/p fci ) mod 1 = \im i ^y 00 (f(z) mod p ki ~ 1 )/p ki ~ 1 . Therefore 
((px) mod 1; (py) mod 1) £ LP(2l) by Definition 12.161 □ 

It is known that the plot P(2l) C I 2 of the automaton 21 can be of two types 
only; namely, given an automaton 21, the set P(2l) either coincides with the whole 
unit square I 2 or P(2l) is nowhere dense in I 2 : Being closed in R 2 , the set P(2t) is 
measurable w.r.t. Lebesgue measure on R 2 , and the measure of P(2t) is 1 if and only 
if P(2l) = I 2 and is 0 if otherwise: The later assertion is a statement of automata 
0-1 law, cf. O Proposition 11.15] and [5]. Moreover, once an automaton'll is finite, 
the measure o/P(2l) is 0 and P(2t) is nowhere dense in I 2 (cf. op. cit.). Therefore, 
plots of finite automata are Lebesgue measure 0 nowhere dense closed subsets of the 
unit square I 2 ; thus they can not contain sets of positive measure, but they may 
contain lines. The goal of the paper is to prove that if 21 is a finite automaton then 
smooth curves which lies completely in P(2l) (thus in LP(2t), cf. further Theorem 
EU) can only be straight lines. Moreover, we will prove that if finite automata 
plots are considered as subsets of the unit torus T 2 in R 3 then smooth curves lying 
in the plots can only be torus windings. For this purpose we will need some extra 
information (which follows) about torus knots. 

2.6. Torus knots, torus links and linear flows on torus. Further in the paper 
we will need only few concepts concerning torus knots theory; details may be found 
in numerous books on knot theory, see e.g. EHI31- For our purposes it is enough 
to recall only two notions, the knot and the link. Recall that a knot is a smooth 
embedding of a circle S into R 3 and a link is a smooth embedding of several disjoint 
circles in R 3 , cf. [32]. We will consider only special types of knots and links, 
namely, torus knots and torus links. Informally, a torus knot is a smooth closed 
curve without intersections which lies completely in the surface of a torus T 2 C R 3 , 
and a link (of torus knots) is a collection of (possibly knotted) torus knots, see e.g. 
m Section 26] for formal definitions. 

We also need a notion of a cable of torus. Formally, a cable of torus is any 
geodesic on torus. Recall that geodesics on torus T 2 are images of straight lines in 
R 2 under the mapping (x ; y) <—> (x mod 1; y mod 1) of R 2 onto T 2 = R 2 /Z x Z, cf., 
e-g-, EH Section 5.4]. 
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Definition 2.26 (Cable of the torus). A cable of the torus is an image of a straight 
line in R 2 under the map modi: (x; y ) >->• (x mod 1; y mod 1) of the Euclidean plain 
R 2 onto the 2-dimensional real torus T 2 = R 2 /Z x Z = S x § C l 3 . If the line is 
defined by the equation y = ax + b we say that a is a slope of the cable C(a, b). We 
denote via C(oo, b) a cable which corresponds to the line x = b, the meridian, and 
say that the slope is oo in this case. Cables C(0, b) of slope 0 (i.e., the ones that 
correspond to straight lines y = b) are called parallels. 

In dynamics, cables of torus T 2 are viewed as orbits of linear flows on torus ; 
that is, of dynamical systems on T 2 defined by a pair of differential equations 
of the form ^ = /3; -Jj = a on T 2 , whence, by a pair of parametric equations 
x = (flt + r) mod fly = (at + a) mod 1 in Cartesian coordinates, cf. e.g. [191 
Subsection 4.2.3]. 


Note 2.27. It is well known that a cable defined by the straight line y = ax + b is 
dense in T 2 if and only if —oo < a < +oo and the slope a = ]| is irrational, see e.g. 
[191 Proposition 4.2.8] or [33] Section 5.4]. 


Given a Cartesian coordinate system XYZ of M 3 , a torus can be obtained by 
rotation around Z -axis of a circle which lies in the plain XZ. If a radius of the circle 
is r and the circle is centered at a point lying in X-axis at a distance R from the 
origin, then in cylindrical coordinates ( ro,9 , z) of M 3 (where ro is a radius-vector in 
Cartesian coordinate system XY, 9 is an angle of the radius-vector in coordinates 
XY, z is a Z-coordinate in Cartesian coordinate system XYZ) the torus is defined 
by the equation (r 0 — R) 2 + z 2 = r 2 and a cable (with a rational slope ^ where 
a € Z and fl £ N) of the torus is defined by the system of parametric equations 
(with parameter t £ M) of the form 


ro 


R + r cos + ujj 

9 

= 

t 

z 


r sin (jjt + iSj 


f e R. 


(2.29) 


The cable defined by the above equations winds /3 times around Z -axis and |a| times 
around a circle in the interior of the torus (the sign of a determines whether the 
rotation is clockwise or counter-clockwise), see for an example of the corresponding 
torus knot Figures [6] and [T] where a = 5 and /3 = 3. Letting w in the above equations 
take a finite number of values we get an example of torus link, see e.g. Figures 1101 
and ITH which illustrate a link consisting of a pair of torus knots whose slopes are |. 
Note that Figures [131 andlT31 illustrate a union of two distinct torus links (of two and 
of three knots respectively) rather than a single torus link of 5 knots. Finally, due 
to the above representation of a torus link in the form of equations in cylindrical 
coordinates, we naturally associate the torus link consisting of N cables with slopes 
^ to a family of complex-valued functions ipk '■ R —> C of real variable t £ R 


= e‘<f' t+Uj) : j = 0, 1, 2, ..., N — l} , 
where i stands for imaginary unit i € C: i 2 = — 1. 


3. Plots of finite automaton functions: Constant and affine cases 

In this section we completely describe limit plots of finite automata maps of the 
forms z i —y c (constant maps), z K > az (linear maps) and z i —> az + b (affine maps), 
where a, b, c are some (suitable) p-adic integers and the variable 2 takes values in 

Zp. 
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Figure 6. A limit 
plot of the function 
f{z) = \z, z £ Z 2 , 
in R 2 


Figure 7. A limit 
plot of the same 
function on the torus 
T 2 


3.1. Limit plots of constants. Recall that an automaton 2l(so) = (3, §,0,5, O, so) 
is called autonomous once neither its state update function 5 nor its output function 
O depend on input; i.e., when Sj+i = 5(sj),£i = 0(xii s i) = O(si) (i = 0,1,2,...), 
cf. Fig. [5] 

It is clear that an autonomous automaton function is a constant; however a 
limit plot of this function is not necessarily a straight line. For instance, the limit 
plot of a constant c £ Z p is the whole unit square I 2 once c = ai P l w here 
the infinite word u = ... a^aucto over F p is such that every non-empty finite word 
w = 7 fc_i 7 fc _2 • ■ • 7o over F p occurs as a subword in u; that is, if there exist a finite 
word v and an infinite word s over F p such that u is a concatenation of v, w and s: 
u = swv , cf. 0. 

On the other hand, once an autonomous automaton 21 is finite, the corresponding 
infinite output word must necessarily be eventually periodic. That is, c = ao+aip+ 

- \-a r -ip r ~ 1 + (P 0 + /3ip-\ -f Pt-ip 1 - 1 ) ■ Y^,^LoP r+tj for suitable a*,/3j e F p ; 

therefore a finite autonomous automaton function is a rational constant, i.e., c £ 
Z p fl Q, cf. Propositions 12.II and 12.151 

Furthermore, the numbers that correspond to (sufficiently long) finite output 
words are then all the form 

0-PkPk-l ■ ■ ■ PoPt-lPt-2 ■ ■ ■ PoPt-lPt-2 ■ ■ ■ Po ■ • • Pt-lPt-2 ■ • • Po&r-l&r-2 ■ ■ ■ «0 

for k = 0,1,..., t— 1. Consequently, the limit plot of the automaton (in R 2 ) consists 
of t pairwise parallel straight lines which correspond to the numbers 

0-PkPk-l ■ ■ ■ PoPt-lPt -2 ■ ■ ■ PoPt-lPt -2 ■ ■ ■ Po ■ ■ ■ = O-Pkpk-I ■ ■ ■ Po(Pt-lPt -2 ■ ■ ■ Po)°° 

where k = 0,1,..., t — 1, cf. Subsection 12.51 or (which is the same) to the numbers 
0.(PkPk-i ■ ■ ■ PoPt-iPt -2 ■ ■ ■ Pk+i)°°■ That is, all the lines from the limit plot are 
y = p l h mod 1 , £ £ No, for any line y = h belonging to the limit plot; thus the 
number of lines in the limit plot does not exceed t. Respectively, being considered 
as a point set on the torus T 2 , the limit plot consists of not more than t parallels, 
cf., e.g., Figures H] and [9l 

Now we present a more formal argument and derive a little bit more information 
about the number of lines in the limit plot. Given q £ Z p fl Q, represent q as an 
irreducible fraction q = a/b for suitable a £ Z, b £ N. Note that p\b since q £ Z p . 
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Denote 

C {a/b) = limit points of j (p £ • — mod 1 : £ = 0,1, 2,... j = 

limit points of j p e ■ mod 1: i = 0,1,2,. .. j . (3.30) 

Since a/b £ Z p D Q, by Proposition 12.II a p-adic canonical form of a/b is 

OO 

a/b = a 0 + aip H-h a T ._ip r_1 + (/3 0 + ftp H-1- /3 t _ip t_1 ) • ^p r_K7 (3.31) 

j=o 

for suitable aj,/3 m £ {0,1,...,p — 1}, or, in other words, the infinite word that 
corresponds to a/b is (fit-i ■ ■ ■ Po)°°a r -i ■ ■ . op- Then from Proposition ^. Sl it follows 
that 

(a/b) mod 1 = (p r ■ 0.(/3*_i... /3o)°°) mod 1 = 

0-(Pt-l-fPt-2-r ■ ■ ■ PoPt-l$t -2 ■ ■ ■ Pt-r) a ' mod 1, 

where 0 ) = p — 1 — /3j , i = 0,1,2,..., t — 1, and r is the least non-negative residue 
of r modulo t if t > 1 or f = 0 if otherwise. From here in view of (Em we deduce 
that 

(—a/b) mod 1 = 0.(/3 t -i-f/3t-2-f ■ • • PoPt-iPt-2 ■ ■ ■ Pt-r)°° mod 1 

and thus 


C (a/b) = 

{ 0 .(Pt-i-ePt- 2 -e ■ ■ ■ PoPt-iPt -2 ■ ■ ■ Pt-e)°° mod 1: £ = 0,1,2,..., t - 1} = 

: v £ {Ct-iCt-2 • ■ • Co, Ct-26-3 ■ ■ • CoCt-i,Ct- 3 C *-4 • ■ ■ AlCt-lCt-2, ■ ■ ■} 

where (a/b) mod 1 = (Co + Ci ' P + • • • + Ct-i ' P t ~ 1 )(p t ~ 1) _1 (cf. Proposition 12.21 
and Corollary E2D- Now we can suppose that t is a period length of the rational 
p-adic integer a/b £ Z p nQ (cf. Subsection 12.211 : then in view of Proposition [2T8] we 
conclude that 


J num(o) 

l P‘-1 


C (a/b) = {(— p e ■ (a/b)) mod 1: l = 0,1, ..., (mult^p) — 1} = 

{0.(ui)°° mod 1: w runs through all cyclic shifts of the word /3( mu it 6 p)-i • • • Po} = 

|o.(u)°° mod 1: v runs through all cyclic shifts of the word C(muit b p)-i • ■ ■ Co j = 
{ (~P ' puiuith p _ ! ) modl:^ = 0,l,...,(mult b p)-lj (3.32) 


since 


Co + CiP d-h Ct-iP* 1 

p* — 1 

Co + CiP H-1- Ct-iP*^ 1 

p* — 1 


Ct-i + Co p + Ci p 2 h- 1 - Ct-2P* 


p* — 1 


and 


Ct-1 + 


Cl —1 + Co P + Cl P 2 H-1- (t -2P‘ 

p 1 — 1 


t —1 


Note that 0.(io)°° mod 1 = O.(wi) 00 except of the case when t = 1 and w is a single¬ 
letter word that consists of the only letter p — 1 (in the latter case O.(ro) 00 = 1 and 
thus 0.(10)°° mod 1 = 0). Similarly, 0.(u)°° mod 1 = 0.(o)°° except of the case when 
a/b £ Z and thus Co = • • ■ = Ct-i =0 (so Co = • ■ • = Ct-i = P — 1 and 0.(o)°° = 1). 
But this case happens if and only if a/b £ Z; i.e., when C (a/b) = {0}. 

We now summarize all these considerations in a proposition: 
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Proposition 3.1. Let f%: z i—>• q be an automaton function of a finite automaton 
21 (therefore q £ Z p nQ by Proposition 12. 1 51) ; then LP(2l) C T 2 is a disjoint union 
oft parallels C(0, e), e £ C (q), and t is a period length of q (cf. (13.3011 and (13.321) 1. 

Note 3.2. In conditions of Proposition ^!. li the constant q £ Z p nQ can be represented 
as an irreducible fraction q = a/b where a £ Z, 6 £ N, p \ b (we put b = 1 and 
a = 0 if q = 0). Then the limit plot LP(2t) C T 2 is a torus link that consists of 
t = mult;, p trivial torus cables (parallels) with slopes 0 ; to the link there corresponds 
a collection of t complex constants (which are 6 -th roots of 1 ) 

jVtf = e~ 2mp ‘ q : t = 0 , 1 ,..., (mult&p) - 1 j , 

where i stands for imaginary unit i £ C: i 2 = — 1 (cf. Subsection 12.611 . 

Being considered in the unit real square I 2 , the limit plot LP(2l) is a collection 
of t = multi p segments of straight lines y = c(t, k, u ) that cross I 2 , where 

c(t,k,u) = {^—p k ■ f U moc * 1 = 

0 .(Ct-i-fcCt- 2 -fc • ■ • CoCt-iCt -2 ■ • ■ Ct-fc)°° mod 1 ; k = 0,1,..., t - 1. (3.33) 

Here q mod 1 = u(p* — 1) _1 , 0 < u < p* — 2, and a base p-expansion of u is u = 

Co + Ci-pH-l-Ct-iV -1 (cf- Proposition ^. 21 ) : C = p- 1 —C for C £ {0,1,.. .,p— 1}. 

In other words, all the constants c(t,k,u ) are of the form 

clt, k, u) = 0.u°° mod 1 = —-—— mod 1, (3.34) 

p £ — 1 

where v runs trough all cyclic shifts of the word (t-iCt -2 ■ • • Co! that is, v £ 
{Ct-lCt -2 • ■ ■ Co,Ct- 2 Ct -3 • ■ • CoCt-lj • ■ •}■ 

If q is represented in a p-adic canonical form (13.311) rather than in a form of 
Proposition ^. 21 then all the lines of the limit plot can be represented as 

y = O.G 8 t-i-/A- 2 -/ ... / 3 o/ 3 t-iA _2 ■ ■ ■ mod 1 ; l = 0 , 1 , 2 ,..., t - 1 . (3.35) 

Note that we may omit modi in (13.341) and in (13.351) in all cases but the case 
when simultaneously the length t of the period is 1 and Co = p — 1 (respectively, 
/3 0 =p- 1); but q £ Z in that case and therefore C (q) = { 0 }. 

The following property of the set C (q) will be used in further proofs: 

Corollary 3.3. Given < 71,(72 £ 2ipnQn[0,1) ; the following alternative holds: Either 
Cfg^Cfe) orC( gi )nCy=0. 

Proof of Corollary 1 3.31 The result is clear enough since the numbers that constitute 
C(q) are exactly all numbers whose base-p expansions are of the form 0.(u)°° where 
u runs through all cyclic shifts of the finite word w which is the (shortest) period 
of q mod 1, cf. Note El nonetheless we give a formal proof which follows. 

Given qi £ D <Q> D [0,1), i = 1,2, represented as irreducible fractions qi = ai/bi 
whose denominators bi are co-prime to p, let C(gi) D 0 ( 172 ) / 0; then p tl {a\/bi) = 
P^ 2 ( 02 / 62 ) for suitable ^ 1 , eZZ 2 £ No- If l\ = £2 then ai /61 = 02/62 and thus C(gi) = 
C(q 2 ). Let t\ > £ 2 , then p fl_f 2 ai 6 2 = 0261 ; so since gcd( 6 i,p) = 1 we conclude 
that 02 = pG-^+^a 2 for a suitable s £ No and a' 2 £ Z such that gcd(a(>,p) = 1 . 
Therefore necessarily ai = p s a[ where gcd(a' 1 ,p) = 1 since gcd( 6 i,p) = gcd(& 2 ,p) = 
1. But then we conclude that p ei ~ e2+s a[b 2 = p ei ~ e2 aib 2 = a 2 b\ = p ei ~ e2+s a 2 bi and 
therefore q\ = p s q, q 2 = p^~^+ s q where q = a[/bi = a 2 /b 2 . Hence C(gi), C(< 7 2 ) C 
C (q); the inverse inclusion also holds since C(p e q) = C (q) for any q £ h p D Q by. 
e.g., (13.351) . □ 
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Example 3.4. Let p = 2 and q = 2/7. Then mult 7 2 = 3 and the limit plot 
consists of 3 lines. The binary infinite word that corresponds to the 2-adic canonical 
representation of 2/7 is (011)°°10, so the period of 2/7 is Oil, the pre-period is 
01, and u = 2 = 0 + 1 • 2 + 0 • 2 2 . Therefore the tree lines of the limit plot 
are: y = 0.(101)°° = 5/7 = (-2/7) mod 1 = c(3,0,2), y = 0.(011)°° = 6/7 = 
(-1/7) mod 1 = c(3, 2, 2), y = 0.(110)°° = 3/7 = (-4/7) mod 1 = c(3,l,2). The 
limit plot (on the unit square and on the torus) is illustrated by Figures [8] and [9] 
accordingly. 


Figure 8. A limit 
plot of the constant 
function f{z) = | 
(z £ Z 2 ), in R 2 


Figure 9. A limit 
plot of the same 
function on the torus 
T 2 


3.2. Limit plots of linear maps. In this subsection we consider limit plots of 
linear maps z <—> cz {z £ Z p ) which are finite automaton functions. By Proposition 
12.151 the latter takes place if and and only if c £ Z p fl Q. 

Proposition 3.5. Given c £ Z p fl Q, represent c = a/b, where a £ Z, b £ N, 
a,b are coprime, p \b. If 21 is an automaton such that fy{z) = cz (z £ Z p ) then 
LP(2l) = {(a; mod 1; (cx) mod l):ieR} = C(c, 0) is a cable (with a slope c) of the 
unit 2-dimensional real torus T 2 . For every c £ Z p fl Q the automaton 21 may be 
taken a finite. 

Proof of Provosition \3.5\ By Proposition 12. 15l the map z ^ cz on Z p is an automa¬ 
ton function of a finite automaton if and only if c £ Z p (~l Q. 

Given x £ [0,1), take z £ Z p such that lirn^oo a mod p ki /p ki = x for a suitable 
strictly increasing sequence £q, k 2 ,... £ N. As c £ Z p fl Q, then c = u + v/(p t — 1) 
for suitable u £ Z, t £ N, v £ {0,1, 2,... ,p l — 2}, by Proposition 12.21 If t > 1, 
then considering residues of ki modulo t we see that at least one residue (say, 
£ £ {0,1,..., t — 1}) occurs in the sequence k\,k 2 , ■ ■ ■ infinitely many times. There¬ 
fore Hindoo 2 mod p r P+ e -/p r i t + i = x for a respective strictly increasing sequence 
ri, r 2 ,... £ N. The latter equality trivially holds when t = 1: one just takes rj = kj 
and 1 = 0. So further we assume that = /»£ + ■£, i = 1, 2, — 
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For i = 1, 2,... we have that 


l, 

Jfe. 


<“> = ‘ ((cn,odp‘.)(»modp‘'))mod P ‘- = 

pKi 


JT 


As 0 < £ < t and fc* = Tit + £, we have that 


c mod p‘ 


k . z mod p k 


mod 1 (3.36) 


c mod p = ( u + 


modp'* = \ u — v ■ 


P 


{ri + l)t _ i 


mod p k 


(3.37) 


pt — 1 J \ p 4 — 1 

Note that the argument of mod in the right-hand side of (13.371) is negative once i 
is sufficiently large; therefore once i is large enough then 


P 


(r<+l)t _ i 


pt — 1 


mod p ki = Lp ki + u — v 


P 


(n+l)t _ 


pt — 1 


for a suitable LeN which does not depend on i (actually it is not difficult to see 
that L = \vp t ~ l {p t - l)" 1 ]). Thus, 


c mod p‘ 


k . z mod 


pH. 


mod 1 = 


L ■ z mod p ki + u 


Lp ki + u — v • 
x mod p ki 


j(ri+i)t __ f\ zmodp 1 


pt — 1 


mod 1 = 


pki 


pt — 1 


z mod p ki up* e 
pt — 1 


pki 


z mod p ki I mod 1 = 


c • 


z mod p ki vp* e 


pH 


Firstly we note that given w £ No, r £ N 


wp 


mod 1 = 


p rt - 1 


p t — 1 


mod 1 = 


z modp fei ) mod 1 (3.38) 


(3.39) 


pt — 1 


mod 1 


p* — 1 \ pt — 1 pt — l x 

as pt — 1 is a factor of p rt — 1. 

Secondly, put 2 = p t_£ z, then p t_ ^(z mod p rit+e 'j = z mod p( ri+1 h and 


zmoAp ki z mod 

x = Inn -;-= lim - - -. 


p"-* 


i—¥ oo p 


so in (13.381) 


vp 


pt — 1 


2 mod p 


rit+Z _ 


pt — l 


• z mod p( r<+1 ) 4 


and z = zpt~ e € Z p (recall that ki = Tit +1 where i £ {0,1,..., t — 1}). 

Let z = Co + Ci P t + C 2 P 2t + ■ • • be a base-p* representation of 5 (that is, Q £ 
{0,1 ,.,pt — 1}); then by combining (13.36j) and (13.381) with (13.391) we get 


(cz) mod p ki 


z mod p k 


= I c- 

ki 


z mod p k 


pH % 

V 


■ wtpt (z mod p( ri+1 ) t ) N ] 




mod 1 = 


pt — 1 

• (wt p t(z mod p( r <+ 1 ) 4 )) m od (p t — 1) ) mod 1 (3.40) 


pki pt — 1 

where wt p * stands for a p*-weight of a natural number, that is, the sum of digits of 

the number in its base-p 4 representation; i.e., wt p * (zmodp( I ’ i+1 ) t ) = Co+CH-hC* G 

Nq. Therefore every limit point of the sequence ((cz) modp fci /p fci )^ 1 is of the form 


cx - 


vw 

pt — 1 


mod 1 


(3.41) 
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for a suitable w £ {0,1,... ,p 4 — 2}. 

We claim that, on the other hand, given x £ [0,1) and h £ {0,v,2v mod 
(p 4 — 1),..., (0 p 4 — 2)v) mod (p 4 — 1)} (that is, h lying in the ideal (v) of the residue 
ring Z/(p 4 — 1)Z generated by v) there exists 0 £ Z p and a strictly increasing- 
sequence k\ , k 2 ,..., £ N such that 

2 modp fci 

a; = hm -r-, and 

i —»00 

(cz) mod p fei / 2 mod p ki h \ 

fc . = c -+ - 1 - r mod 1. 

pK, ^ pK t pZ _ ]_ J 

Indeed, take z £ Z p and ki = r^t + i as above; then all limit points of the se¬ 
quence {(cz) mod p ki /p ki )?l 1 are of the form (13.411) for, say, w = wi,...,w s £ 
{0,1,... ,p 4 — 2}. If h = vwj (mod (p 4 — 1)) for some j = 1,2,..., s, then there is 
nothing to prove; if h ^ vWj (mod (p 4 — 1)) for all j = 1, 2,..., s then we tweak 
2 as follows. As the point of the form (13.411) for w = w\ is a limit point of the 
sequence ((cz) mod p ki /p ki )j*i 1 then (—vwi) mod (p 4 — 1) occurs in the sequence 
((—u((wt p t z) mod plD+W)) mod (p 4 — 1))°^ infinitely many times (cf. (13. 401) 1: so 
some w £ {0,1... ,p 4 —2} such that vw = vw\ (mod (p 4 —1)) occurs in the sequence 
((wtpt z) mod p( ri + 1 ) t ) mod (p 4 — 1) infinitely many times: 

w = ((wtpt z) mod p( ri+1 ) 4 ) mod (p 4 - 1) = (( 0 + Cl 4-+ C») mo d (p* — 1) 


for i = ii, i 2 , ■ ■ ■ (1 < i\ < ii < ...). 

As h £ (v), then h = —vw (mod (p 4 — 1)) for a suitable w £ {0,1,... ,p 4 — 2}. 

Now put z = Co+CiP t +C2P 2t +C3P 3t 4-, where Cl = Ci~ w+w (mod (p 4 —1)); then 

w = (wt p t 5)modp( n+1 ) 4 )mod(p 4 — 1). But limj_ > . 00 (zmodp fei /p fci ) = lim i ^ 00 (Smod 
p ki /p ki ) = x; so finally we conclude by (13.401) that 


lim 

J-tOO 


(cz) mod p r 'i t+e 


.t+t 



mod 1. 


Thus we have shown that 


LP(2l) = | ^cx H — ^ mod 1^ : x £ [0, l),e £ (u)| . (3.42) 

But the right-hand side in (13.421) is a cable of torus with slope c since 

| ^ 'cx -I— J 1 ^ mod 1^ : x £ [0,1), h £ (v )| = {( y mod 1; (cy) mod 1) : y £ R} . 

(3.43) 

Indeed, if yi = y + n for some n £ Z then yi mod 1 = y mod 1 and (cy i) mod 1 = 

(■ c(y + n )) mod 1 = ((( u + v(p t — l) _1 )(p + n)) mod 1 = (cy + vn(p t — 1) _1 ) mod 1 = 
(cy + (( vn) mod (p 4 — 1)) • (p 4 — 1) _1 ) mod 1, and (13.431) follows. This concludes the 
proof. □ 


Example 3.6. Take p = 2 and c = 5/3. Figures [6] and Q illustrate the limit plot of 
the function f(z) = (5/3) ■ z in I 2 and in T 2 respectively. 


3.3. Limit plots of affine maps. In this subsection we combine the above two 
cases (constant maps and linear maps) into a single one to describe limit plots of 
finite automata whose functions are affine, i.e., of the form z£C’Z + ? (z £ Z p ). 
It is evident that the limit plot should be a torus link consisting of several disjoint 
cables with slopes c since the limit plot of the constant q is a collection of parallels, 
cf. Propositions 13.51 and 13.11 We will give a formal proof of this claim and find the 
number of knots in the link. 

Recall that by Proposition 12.151 the map 2 e -> c ■ z + q of Z p into itself is an 
automaton function of some finite automaton if and only if c, q £ Z p D Q. The 
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following proposition shows that we do not alter the limit plot of the map once we 
replace q by q + n for arbitrary ndl 

Proposition 3.7. Given f: z i-A cz + q (2 £ Z p ) where c,q £ Z p C\ Q, denote 
q = q mod 1, /: z i-A- cz + q. Then LP(/) = LP(/). 

Proof of Proposition Indeed, once n £ Z then lirn^oo n mod p k /p k £ {0,1}; 
the limit is 1 if and only if n is negative since given a canonical p-adic representation 
n = op + aip + • • • of a negative n £ Z, all a* = p — 1 if * is large enough, cf. 
Subsection 1^1 Therefore (limfe_ ) . 00 (^ + n) mod p k /p k ) mod 1 = (limfc_ ) . 00 (^ mod 
p k + n mod p k ) mod p k /p k ) mod 1 = limfc_ ) . 00 (^ mod p k /p k + n mod p k /p k ) mod 1 = 
(limfc_ ) , 00 2 mod p k /p k ) mod 1 for all z £Z. □ 

Note that the map 2 i—>■ cz + q from the statement of Proposition 13.71 is an 
automaton function for a suitable finite automaton 25 and LP(2l) = LP(25), where 
21 is a finite automaton whose automaton function is /. 

Now we describe limit plot of a special affine map with c = 1, q ^ 0. 

Lemma 3.8. Given a finite automaton 21 whose automaton function is f{z) = z + q 
(q £ Z p (~l Q then), the limit plot LP(2l) C T 2 is a link of a finite number of torus 
knots which are cables C(l,e) where e is running over C (q). 


Proof of Lemma \3.8\ We will prove that once 21 is a finite automaton such that 
fa (z) = f(z) = z + q then 


LP(2t) = jj C(l, e). 


(3.44) 


eec (q) 


Note that if e = 0 and e £ C (q) then C (q) = {0} by Proposition 13.11 and there is 
nothing to prove. So further we assume that e £ C(q) and e ^ 0. 

By Proposition 13.71 we may assume that q £ Z p fi Q fl [0, —1) then q = d ■ 
(p 1 — l)~ x — 1 for suitable d £ {0,1... ,p t — 2}, cf. Proposition 12.21 that is, d = 
(t -i + (t- 2 P H-h CoP t_1 , where Co> • • • > Ct-i £ {0,1,... ,p - 1} and therefore 

q = —(Ct-i + (t~ 2 P-\ -f CoP t_1 )(i +p t +p 2t + •••)- 1 = 

((p - i - Ct-i) + (p- i - Ct-2 )p+ —b (p- i - Co)p t_1 )(i +p‘ +p 2t h—) 

as (p* — 1) _1 = — (1 +p* +p 2t + • • •) in Z p by Not,e l2.3l Therefore, in Z p the rational 
number q can be represented as 

q = (Vo + ViP + ■■■ + Vt-iP^ 1 ) ■ (1 + P* + P 2t + ■■•)> (3-45) 

where rjj = p - 1 - (t-i-j, j = 0,1,..., t - 1. 

Given x £ [0,1) take a sequence Hi £ No, i = 1,2,..., and a strictly increasing 
sequence fcj £ N, i = 1, 2,..., such that ki > [log p n*J + 1, lim^oo ni/p ki = x, and 
ki mod t = s £ {0,1,..., t — 1} for all i = 1,2,.... This is always possible since 

if, e.g., x = £ip _1 + £ 2 p -2 + • • ■ for suitable £ 1 , £ 2 , • ■ ■ £ (0,1,... ,p — 1} then one 

takes ni = £1 p J_1 + £ 2 p J_2 + • • • + £j-i where j = it + s and put ki = it + s for 
* = 1,2,.... 

Considering a sequence (rij + q)^l Q in Z p , we see that 



(3.46) 
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But ki = it + s, s £ {0,1..., t — 1}; thus 


lim 

i—toc 


q mod p k 

pki 


mod 1 = (lim ((770 + 771 p-\ -b r] s -ip a k )p s + 

00 


(r?o + ViP + ■ ■ ■ + H-iP 1 - 1 ) ■ ( p- lt ~ s + p^ + ^~ s + • • • + p~ t ~ s ))) mod 1 = 


t~ 1\ (^ — it — S | — — S | | n ^ — t — S\ 

^■(Vs-iVs -2 ■ ■ ■ poilt-iVt -2 ■ ■ ■ Vs)°° mod 1 (3.47) 


if s ^ 0 , or 



q mod p ki \ \ 

pki J J 


mod 1 = 


(lim ((770 + 771 P 4-b ijt-iP* l ) ■ {p lt +P ( l+1)t 4-b p *))) mod 1 = 

i —^00 

0 .(? 7 t_i 77 t _ 2 .. . 770 )°° mod 1 (3.48) 


if s = 0. From (13.481) and (13.471) it follows that lim i _ ) . 00 (( 7 modp fei /p fci ) mod 1 G C(q) 
by (13.331) of Note 13.21 Thus we have proved that given x € [0,1) and e € C (q), 
necessarily (a:, (a; 4- e) mod 1) G LP(2l); so LP(2l) D C(l, e) for every e £ C( 6 ). 

On the other hand, given z £ Z p and a strictly increasing sequence Aq, /t' 2 ,... G N, 
by combining (13.481) and (13.471) with (13.331) of Note 13.21 we conclude that all limit 
points of the sequence q mod p ki /p ki , i = 1,2,..., are in C(q) by an argument 
similar to the above one. Therefore, limit points of the sequence (z mod p ki /p ki + 
q mod p ki /p ki ) mod 1 , i = 1 , 2 ,..., are all of the form (a: 4 - e) mod 1 , where x 
is an limit point of the sequence z mod p ki /p ki and e G C(g). This proves that 
LP(2l) C U eg c(q)C(l, e) an d that (13.441) is true. 

□ 


Now we are ready to prove the main claim of the Section. 


Theorem 3.9. Given c,q£ Z p , a map z 1 —>• cz + q ofL p into itself is an automaton 
function of a finite automaton if and only ifc,q G Z p flQ. Given a finite automaton 
21 whose automaton function is f(z) = cz + q for c,q G Z p D Q, represent c, q as 
irreducible fractions c = a/b, q = a'/b', where a, a' G Z, 6 , b' G N and gcd (a,b) = 
gcd (a',b') = gcd (b,p) = gcd (b',p) = 1; then the limit plot LP(2l) C T 2 is a link of 
mult m p torus knots, where m = b'/ gcd( 6 , b'), and every knot of the link is a cable 
C(c, e) for e G C (q): 

LP(2l) = {(77 mod 1; (cy 4- e) mod 1) : y G R, e G C(g)} . (3.49) 

Moreover, C(c, e 1 ) = C(c, 62 ) for ei,e 2 G C(g) if and only if r\ = r 2 (mod m) 
where e* = (—p ri q) mod 1, i = 1, 2, cf. (13.331) . 


Note 3.10. Once m = 1, i.e., once b' \ b , the congruence ri = r 2 (mod m) holds 
trivially, mult i p = 1 and the link consists of a single knot; so in that case C(c, ei) = 
C(c, e 2 ) for all ei,e 2 G C (q). 


Proof of Theorem 1 3.91 The first statement of the theorem is already proved, see 
Proposition 12.151 

Given < 7 , c G Z p 0 Q, we have that 


v 



d = 


w 

p T — 1 


(3.50) 

(3.51) 


for suitable u G Z, t,T G N, v G {0,1, 2,... ,p 4 — 2}, w G {0,1... ,p T — 2}, by 
Proposition ^. 21 Note that we may assume that 0 < q < 1 since the set of all limit 
points of the sequence ({z + q) mod p k /p k ) < jfL 1 is the same as that of the sequence 
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((z + q mod 1) mod p k /p k ) < j/L 1 by Proposition 13.71 and the case q = 0 is already 
considered, cf. Proposition 13.51 

Now we will prove that LP(2l) D C(c, e) for e £ C (q). As q £ Z p nQn(0,1), the 
canonical p-adic representation of q is eventually periodic and the period length of q 
is T, cf. Subsection 12.21 Now fix e £ C(q), take corresponding d £ {0,1,..., T — 1} 
and consider a sequence rij = d+iT £ N (j = 1,2,...); then lim^oo qmodp nj /p nj = 
e, cf. the proof of Lemma 13.81 Given x £ [0,1) take z £ Z p and a sequence 
X = (hi = Z+rit as in the proof of Proposition ^. 51 so x = Hindoo zmodp ki / p ki . 
Note that if z = p m z for some m £ No then x = lim^oo z mod p ki + m /p k i + m j so 
the proof of Proposition [33] remains valid if one substitutes z for z and any strictly 
increasing subsequence (fa) of the sequence X = (ki = m + £ + rit ) for the sequence 
X. 

We claim that for some to £ No there exist an increasing sequence j s £ N and a 
subsequence (f s )” : of the sequence (rfa?^ such that 


to + £ + r s t = d + j s T for all s = 1, 2,3,.... (3.52) 


Indeed, let D = gcd(T, t) be the greatest common divisor of T and t: then T = TD, 
t = tD , t and T are co-prime. As the infinite sequence is strictly increasing, 

there exists n£ — 1} such that + h = 0 (mod T) for infinitely many 

i £ N, say, for i = ii, * 2 , ■ ■ •• Put r s = r, s ; s = 1, 2,3,.. .. 

Take the smallest h = fi + nT , n £ No, such that d — l + ntD > 0, then put 
to = d — £ + and find j s from the equation (13.5211 which now is equivalent to 
the equation (n + f s )t = j s T: As fi + f s = h s T for a suitable s £ N by the definition 
of n, one sees that j s = th s for s = 1,2,3,... thus proving our claim. 

We conclude now that given arbitrary y £ R and e £ C(q) there exist z £ Z p 
and a sequence X = (k s =f s t + £ + m = d + j s T ) such that 


. „ zmodp fcs 

y mod 1 = x = hm -=- 


( cy ) mod 1 = lim 

s—> oc 

e = lim 


(cz) mod p k 

pks 

q mod p k “ 

Z ’ 

pKs 


(3.53) 

(3.54) 

(3.55) 


cf. (13.421) . (13.431) and Proposition 13.11 Therefore, linis^oo(cz + g) modp ka /p ks = 
linis^oo((cz) mod p ks /p ka + q mod p ka /p ka ) mod 1 = ( cy + e ) mod 1 and so the 
point (y mod 1, (cy + e) mod 1) £ C(c, e) is in LP(2l). Thus we have proved that 
LP(2l) D C(c, e) for every e £ C (q). 

On the other hand, given arbitrary z £ Z p and arbitrary strictly increasing 
sequence fei, & 2 ,... £ N, limit points of the point sequence (z mod p ki /p ki \ (cz) mod 
pki/pki ) are a n j n C(c, 0) by Proposition 13.51 whereas limit points of the sequence 
qmodp ki /p ki are all in C(g) by Proposition 13. II Therefore limit points of the point 
sequence ((z mod p ki /p ki \ (cz + q) mod p ki /p ki ))/l i = ((z mod p ki /p ki , ((cz) mod 
p ki /p k i + q mo dp ki /p ki ) mod 1 ))^! are all in U eS c ( g )C(c, e). Finally we conclude 
that LP(2l) = U eg c( 9 )C(c, e); or (which is the same) that 


LP(2l) = {(y mod 1; (cy + e) mod 1) : y £ R, e £ C(q)} (3.56) 


Note that it may happen that C(c, q) = C(c, q\) even if q ^ qi (and even q C(qi)): 
For instance, (13.421) shows that C(c, q) = C(c, 0) for some q ^ 0. Therefore to finish 
the proof we must now calculate the number of pairwise distinct cables C(c, e) when 
e£C (q). 
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During the proof of Proposition 13.51 we have shown that (in the notation of the 
proposition under the proof) 


{(y mod 1; (cy) mod 1) : y € R} 


(y mod 1; 



mod 1 



for every j £ Z, cf. equation (13.431) and the text which follows it. Therefore 
C(c, ei) = C(c, e 2 ) if — e 2 = {j /b) mod 1 for some j £ Z. The converse statement 
is also true: if C(c, ei) = C(c, e 2 ) then ei — e 2 = (j/b) mod 1 for some j £ Z. 

To prove this, for h £ C(q) let A(c,h) be a set of all points where the cable 
C(c, h) crosses zero meridian of the torus T 2 ; that is, 


A(c,h ) = AP 


0 ; 


(■ cz ) mod p s 


+ h ) mod 1 ) : z £ Z„, lim 


a: mod p s 

ps r 


= 0 


where si, s 2 , ■ ■ • £ N, Si < s 2 < ■ •therefore by (13.411) 


AP 


^ ^ ^ (cz) modp Sr 



mod 1 


r=0 



mod l:j =0,1,2,... 


(3.57) 


Finally, as C(c, e 1 ) = C(c, 62 ) if and only if A(c,e 1 ) = A(c,e 2 ) since the both 
cables cross zero meridian at a same angle (which is equal to arctanc), this means 
that C(c, ei) = C(c, e 2 ) if and only if e\ — e 2 = jb~ l (mod 1) for some j £ No, as 
claimed. 

Now we are able to calculate the number of torus knots (cables) which constitutes 
the link LP(2l). Let for some ji,j 2 £ {0,1,..., b — 1}, (j 1 7 ^ j 2 ) and e\, e 2 £ C(q) 
the following equality holds: 


+ ei^ mod 1 = + e 2 ^j mod 1. 


(3.58) 


We see that a = —p ri { fr) mod 1 for suitable r, £ {0,1,..., (multf/ p) — 1} by Note 
13.21 (i = 1,2). Therefore (13.581) is equivalent to the congruence 

pri j/~ pr2< i = b ( modl ) 

for a suitable j £ { 0 , 1 ,. ..,6 — 1 }; but the latter congruence in turn is equivalent 
to the congruence 

p r 2 ^pr i-r 2 _ a > n = j m ^ moc i nTOC j) ) ( 3 . 59 ) 

where d = gcd( 6 ', 6 ), m = b'/d , n = b/d (we assume that n > r 2 since the case 
r\ = r 2 is trivial). From here it follows that p r2 ( p ri ~ r2 — 1) a'n = 0 (mod m) once 
to 1 ; therefore necessarily r± = r 2 (mod rnult m p) since gcd {b\b) = gcd (p,b) = 
gcd (p,b') = 1. So ( p ri ~ r2 — 1 ) = mh for a suitable h £ N and thus (13.591) is 
equivalent to the congruence p r2 ha'n = j (mod nd), and the latter congruence 
gives the value of j (modulo b = nd) so that (13.581) is satisfied. This means that 
when to 7 ^ 1. 13.581 holds if and only if rq = r 2 (mod mult m p) Thus, if to 7 ^ 1 (that 
is, if b' is not a factor of b) then the number of pairwise distinct torus knots in the 
link is rnult m p. 

In the remaining case when m = 1 (i.e., when b' divides b) (13.591) always holds: 
If p ri ~ r2 = 1 (mod d) then we can take j = 0 to satisfy (13.591) : otherwise the left- 
hand side of (13.591) just gives an expression for a unique residue j modulo b = nd 
(which thus satisfies (13.591) 1. Therefore the link consist of a unique cable; so the 
number of pairwise distinct cables in the link is 1 = multi p in this case as well. 
This concludes the proof. □ 
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Note 3.11. In conditions of Theorem 13.91 note that b'\b is the only case when the 
link LP(5l) consists of a single cable . Note also that from the proof of Theorem l3.9l 
it is clear that if the number ffC(q) of points in C (q) is 1 then the link necessarily 
consists of a single cable. By note 13.21 ffC(q) = 1 if and only if the period length 
of q is 1 and therefore q mod 1 = 0 .(£)°° mod 1 for some £ £ { 0,1 ,,p— 1 }). 

Example 3.12. Let p = 2 and f(z) = (3/5) • 2 + (1/3). Then in conditions of 
Theorem 13.91 we have that m = 3 and therefore the link consists of mult 3 2 = 2 
cables with slopes 3/5, cf. Figures [TUI and fill 
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Corollary 3.13. There is a one-to-one correspondence between maps of the form 
f: z ha- §z + fr on Z p (where f, y £ Z p (~l Q; a, a' £ Z; b, b' £ N) and collections of 
mult m p complex-valued exponential functions ifk '■ R —> C of real variable i/el 

{ipk(y) = e l( '% y ~ 2 ' Kpk ^ :k = 0 , 1 , 2 ,..., (mult m p) - l|. 

Here i £ C is imaginary unit and m = b'/ gcd( 6 , b'). 

Proof of Corollary \3.13l Indeed, embedding the unit torus T 2 into a 3-dimensional 
Euclidean space R 3 and using cylindrical coordinates as in Note 12.271 in view of 
Theorem 13.91 every knot from the link can be expressed in the form (12.291) with 
u! = 2ire for e £ C(q) since cos a; and sinw specifies position of the point where the 
knot crosses zero meridian of the torus (i.e., when 6 = 0 (mod 27r) in (12.291) 1. But 
q = a'/b' and thus C (q) = {(— p e ■ {a'/b')) mod 1 : £ = 0 , 1 ,..., (multf/p) — l} by 
(13.321) . As two such knots (with accordingly u>i = 2nei , i = 1,2) coincide if an only 
if = UJ 2 (mod 27T • ( a/b )) by (12.291) . i.e., if and only if e\ = e 2 (mod a/b). But 
the latter congruence is equivalent to (13.581) : so finally the assertion follows from 
Theorem 13.91 □ 


4. Finite computability 

In this section we introduce central notion of the paper, the finite computability , 
and prove some technical results which will be needed further during the proof of 
main result of the paper, the affinity of finitely computable smooth functions, cf. 
further Section [5] 
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Definition 4.1. A non-empty point set S C I 2 (S C T 2 , S C I x §, S C § x I) 
is called ( ultimately) finitely computable (or, (ultimately) computable by a finite 
automaton) if there exists a finite automaton 21 such that S is a subset of P(2l) (of 
LP(2l)). We say that the automaton 21 ( ultimately) computes the set 5; and 21 is 
called an ( ultimate) computing automaton of the set S. 

In most further cases given a real function g: D —> R with the domain Del 
by the graph of the function (on the torus T 2 ) we mean the point subset G d(p) = 
{( x mod 1; g(x) mod 1): x G D} C T 2 . However, given a function g: D —>■ T where 
either D C [0,1] or D C § and T is either [0,1] or S, we call a graph of the 
function g the set {(x; g(x)) : x G D} where either x = x if D C [0,1] or x = xmod 1 
if D C § and accordingly either g(x) = g(x) if T = [0,1] or g{x) = ( g{x )) mod 1 if 
T = §. In the sequel we always explain what is meant by ( g ) if this is not clear 
from the context. Also, we may omit the subscript D when it is clear what is the 
domain. 

Definition 4.2. Given a real function g: D —> R with domain D C R. and an 
automaton 21 , the function g is called ( ultimately) computable by 21 at the point 
x £ D if (x mod 1; g{x) mod 1) G P(2l) C T 2 ((x mod 1; g(x) mod 1) G LP(2t) C T 2 ). 
Also, if either DC [0,1] or D C § and g: D -A T where either T = [0,1] or T = S 
we will say that 21 ( ultimately) computes g at the point x G D if (x;g(x)) G LP(2l) 
where either x = x if D C [0,1] or x = x mod 1 if D C § and accordingly either 
g(x) = g(x) if T = [0,1] or g{x) = (g(x)) mod 1 if T = § (cf. Note l2.17|) 

Given a real function g: D —> R with domain D C K, the function g is called 
( ultimately ) finitely computable (or, ( ultimately) computable by a finite automaton) 
if there exists a finite automaton 21 such that G (g) C P(2f) C T 2 (G (g) C LP(2l) C 
T 2 ). The automaton 21 which ( ultimately ) computes the function g is called the 
( ultimate ) computing automaton of the function g. In a similar manner we define 
these notions for the cases when g: D —»• T and D 1 T are as above. 

4.1. The mark-ups. In loose terms, when assigning a real-valued function/' a : [0,1] 
[0,1] to automaton 21 via Monna map mon : Z p —> R (cf. subsection 12.51) one feeds 
the automaton by a base-p-expansion of argument x G [0,1] and considers the 
output as a base-p expansion of / a (x): A base-p expansion specifies a unique right- 
infinite word in the alphabet F p and the automaton ‘reads the word from head to 
tail’, i.e., is feeded by digits of the base-p expansion from left to right (i.e., digits 
on more significant positions are feeded prior to digits on less significant positions); 
and the output word specifies a base-p expansion of a unique real number from 

[M]- 

To examine functions computed by automata in the meaning of Definition 14.21 
it would also be convenient to work with base-p expansions of real numbers; but 
the problem is that we need feed the automaton by a right-infinite word in the 
inverse order ‘from tail (which is at infinity) to head’: Digits on less significant 
positions (the rightmost ones) should be feeded prior to digits on more significant 
positions (the leftmost ones). So straightforward inversion is impossible since it is 
unclear which letter should be the first when feeding the automaton this way; thus 
output word is undefined and so is the real number whose base-p expansion is the 
output word. In this subsection we rigorously specify this inversion and develop 
some techniques needed in further proofs. 

Let a function g: D ^ S (or g: D —> [0,1]) whose domain D is either a subset 
of a real unit circle § or a subset of a unit segment [ 0 , 1 ] be ultimately computable 
by a finite automaton 21 = 2l(so); that is, for any x G D there exists x £ Z p such 
that x is a limit point of the sequence (z mod p k /p k )‘jfL 1 and g(x) is a limit point 
of the sequence ((/a (z)) mod p k /p k )'jfL 1 , where /a: —> Z p is automaton function 
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of the automaton 21 , cf. Definition 14.21 and Definition 12.161 As said, further to 
examine finitely computable real functions it is however more convenient to work 
with automata maps as maps of reals into reals rather than to consider automata 
functions on p-adic integers and then represent i£l and g(x) 6 R as limit points 
of the sequences (z mod p k /p k )^L 1 and ((/a(^)) mod p k /p k )'jfL 1 , respectively. 

Further in this subsection we are going to show that once x £ D and once 
x = O.X1X2 ... is a base-p expansion of x, we can find a state s = s(x) £ S of the 
automaton 21 and a strictly increasing infinite sequence of indices 1 <k\ < < ■ ■ ■ 

such that the sequence (0.a s (xiX2 ■ ■ • Xkj))jZi tends to (g(x)) mod 1 (recall that 
Qs(CiC2 ■ ■ - 0 ) is an £-letter output word of the automaton 21 (s) whose initial state 
is s once the automaton has been feeded by the l -letter input word C1C2 • ■ • cf. 
Subsection [USD - This means, loosely speaking, that once we feed the automaton 
2 l(s) with approximations O.X1X2 ■ ■ • Xk, of x, the automaton outputs the sequence 
of approximations 0.a. s (xiX2 ■ • ■ Xk :j ) of g(x), and these sequences tend to x and to 
g(x) accordingly while j —> 00. Moreover, we will show that if the function g is 
continuous then there exists a state s £ § such that all x £ D for which s(a:) = s 
constitute a dense subset in D. 

Recall that given x £ ( 0 , 1 ), there exists a (right-)infinite word w = 7071 ■ • ■ over 
{0,1,... ,p — 1} such that 

OO 

X = 0.7071... = O.w = 7( 4 . 60 ) 

i =0 

the base-p expansion of x. If x is not of the form x = n/p k for some n = a 0 + 
aip + ■ ■ ■ + aep e £ {0,1,... ,p fc — 1}, where £ = le(n) = [log p nj + 1 is the length 
of the base-p expansion of n £ No (recall that we put [log p 0 j = 0 , cf. Subsection 
IQ) . cko, ati ,... an £ {0,1,... ,p — 1}, then the right-infinite word wrd(x) = 7071 ... 
over {0,1,... ,p — 1} is uniquely defined (and the corresponding x is said to have a 
unique base-p expansion); else there are exactly two infinite words, 

wrd' (a;) = open • • ■ ae-iae 00 ... = open ... ae-iac( 0 )°° ( 4 . 61 ) 

wrd'(:r) = a 0 ai... c^_i(cq? - l)(p - l)(p - 1 )... = a 0 ai... c^_i (at - l)(p - I) 00 , 

( 4 . 62 ) 

where at 7^ 0 , such that x = 0 . wrd,.(x) = 0 .wrd;(x). In that case x is said 
to have a non-unique base-p expansion; the corresponding base-p expansions are 
called right and left respectively. Both 0 and 1 are assumed to have unique base-p 
expansions since 0 = 0.00 ..., 1 = 0.(p — l)(p — 1)...; so wrd(0) = 00 ..., wrd(l) = 

(p — l)(p — 1 )_ This way we define wrd(x) for all x £ [ 0 , 1 ]; and to x = n/p k we 

will usually put into the correspondence both infinite words wrd ; (:r) and wrd 1 (s) if 
converse is not stated explicitly. The only difference in considering a unit circle § 
rather than the unit segment I = [ 0 , 1 ] is that we identify 0 and 1 and thus have 
two representations for 0 , 0 .( 0 )°° and 0 = 1 mod 1 = 0 .(p — I) 00 . 

Given a finite word w = a m -ia m -2 ■ ■ ■ cuo, we denote via the (right-)infinite 
word 1 $ = d m _ia m _2”'ao(0 ) 00 and we put 0 . 1 ft = 0.a m _ia m _2 • • • ao( 0 )°° ... 
(note that then O.lt = p(w)). Of course, 0 .it = 0 .u> = aip~ m+l ; but we 

use notation O.ut if we want to stress that we deal with infinite base-p expansion. 
To unify our notation, we also may write = C1C2 ■ ■ • for a (right-)infinite word 
w = Cl(2 ■ ■ •; then O.ut = O.w = O.C1C2 — 

Let 1 $ = 7071... be a (right-)infinite word over F p = { 0 , 1 ,... ,p — 1 }. Given 
an automaton 21 with the initial state s, we further denote via a s (ut) the set of all 
limit points of the sequence (p(a s (7o7i.. ■'Yk)))kL 0 - We may omit the subscript s 
if it is clear from the context what is the initial state of the automaton. 
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Given x £ [0,1] further a s (x) stands for a s (vf(x)) if x admits a unique base- 
p expansion, and a s (:r) = a s (ifi(x)i) U a s (lti(x) r ) if the expansion is non-unique 
(thus, if x admits both left and right base-p expansions). We also consider a s (x) 
for x £ S rather that for x £ [0,1]; in that case we take for 0 both base-p expansions 
0 .( 0 )°° and 0 .{jp— 1 )°° (since 0 = ( 0 .(p — 1 )°°) mod 1 ) and reduce modulo 1 all limit 
points of all sequences (p(a s ( 7 o 7 i ... 7 fc)))(~o- We further use the same symbol 
o s (x) independently of whether we consider x £ [ 0 , 1 ] or x £ §; we make special 
remarks when this may cause a confusion. 

We stress that a s ( w ) is a uniquely defined finite word whenever w £ "W is a finite 
word (and therefore p(a s (w)) consists of a single number), but in the case when w 
is an infinite word or w is a real number from [0,1] (or w £ S), the set a s (u>) may 
contain more than one element. 

Given x £ Q fl [0,1], in view of Lemma 12.101 it is clear that if the automaton 
21 is finite then a(x) £ Q fl [0,1] since a real number is rational if and only if its 
base-p expansion is eventually periodic. The following propositions reveals some 
more details about a(x) for a rational x; and especially for x = 0 . 

Proposition 4.3. If 21 is finite, x £ Q fl [0,1] then a(x) C Q D [0,1] and a(x) is a 
finite set. Moreover, if x £ Z p C IQ fl [0,1] then a(x) C Z p D Q D [0,1]. In particular, 
if x = 0 £ S then a(x) = C(gi) U Cfa) for suitable qi,q 2 £ Z p fl Q fl [0,1) 
(cf. Subsection 13.11) . Let a 21 -computable function g: D —>• S be defined on the 
domain D C § and continuous at 0 £ D. If the domain D is open then there 
exists q £ Z p fl Q fl [0,1) such taht o(0.(0)°°) = a(0.(p — I) 00 ) £ C (q); and either 
a(0.(0)°°) £ C(q) or a(0.(p — I) 00 ) £ C(g) if the domain D is half-open and x is a 
boundary of D. 

Proof of Proposition \4-3\ Follows from Lemma 12.101 and Proposition 13.11 (see the 
proof of the latter). 

Given x £ Q D [0,1], a base-p expansion of x is eventually periodic, cf. (12.51) : 
x = 0.,\o • ■ • Xfc—i(?o • ■ • £ ra -i)°°. Given x, take n, k the smallest possible (note that 
then the word v = xo ■ ■ • Xfc-i may be empty). From the definition of a(x) it follows 
that a(x) consists of all limit points of the sequences 0C(r) = {p{{v(u) k r))^L K , 
where K is large enough and r £ {£ 0 , £o£i, • • •, fofi ■ ■ ■ £n-i} are all suffixes of the 
word u = £0 ... £ ra -i, for every right-infinite word w which corresponds to a base-p 
expansion of x = 0 .w. As the automaton 21 = 2l(so) is finite, the number of states 
it reaches after being feeded by either of words r, where is finite; say, these states 
are si,..., Sn £ §■ By the same reason, being feeded by the words {u) K where K is 
large enough, the automata 2 li = 2 l(si),..., 21 n = 21 (sjv) output respectively words 
vi(ui) Kl t\ ,..., wjv(uAr) Xjv iiV) where the words ui, ..., un, t\, ..., fjv do not depend 
on I\ , each of the words v\,... ,vn is either empty or a prefix of the respective word 
Wi,..., wn , and all the output words v\(ui) Kl ti ,..., VN(uiy) KN tN have the same 
length as the one of the input word (u ) K , cf. Lemma ^.lOl That is, the output words 
of automata 21 ,; are all of the form ( u) L t , where u stands for a cyclically shifted word 
u, and after outputting the word ( u) L t , each automaton 2 U, i = 1, 2,..., N, reaches 
some of finitely many its states, say, s' a ,..., s' iM ^. After reaching respective state, 
the automaton is feeded by the word v and outputs the corresponding output word 
vt j, j = 1,2,... Therefore, all limit points of the sequences X(r) are of the 

form 0.v[ j where Ui runs through a (sub)set of all cyclic shifts of the word 

Ui, i = 1,2,..., TV, j = 1, 2,..., M (*). But there are only finite number of points 
of that form; therefore, given a base-p expansion of x = 0 .r/t, the set a(O.ut') is a 
union of a finite number points of the said form. As every x £ Q has at most two 
base-p expansions, this proves the first claim of the proposition. 

If x £ ZpflQn [0,1], then base-p expansion of x is purely periodic by Proposition 
12.51 x = 0.(xo • • • Xn— 1 )°°- Therefore once the automaton 21 is being feeded by finite 
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words of the form w L t , where w = x o ■ • ■ Xn-i , t is a suffix of w or empty and L 
is large enough, by Lemma 12.101 the corresponding output word will be of the 
form (ut) N ^Vt, and the number of different words Ut is finite since the number of 
different words t is finite. Applying the same argument as above we conclude that 
all limit points of corresponding sequences are of the form 0.(u)°° where u runs 
through a finite number of finite words. But by Corollary 12.61 all these points are 
in Z p n Q fl [0,1]. This proves the second claim of the proposition. 

To prove the final claim, we must consider both base-p representations of zero 
point of the unit circle S: 0 = 0.(0)°° and 0 = 0.(p — 1)°°. Sending a left-infinite 
zero sequence to the automaton A, the output sequence will be of the form w°°t 
by suitable finite words w,t by Lemma [2.101 so a(0°°) consists of all points of the 
form 0.(u)°°, where u runs through all cyclic shifts of the word w = Xn-i ■ ■ ■Xo ; 
therefore a(0°°) = C(gi) for a suitable q\ £ fl Q fl [0,1), cf. Note 1 - 1.21 By the 
same reason, a((p — 1)°°) = C(q 2 ) for a suitable q 2 £ Z p fl Q fl [0,1). In the case 
when the 21-computable function g: D —> S is continuous at 0 and there exists 
an open neighborhood U of 0 such that U C D then necessarily g( 0) £ 0(0.0°°) 
and g(0) £ a(0.(p — 1)°°); so C(gi) fl C(q 2 ) ^ 0 and therefore C(qi) = C (q 2 ) 
by Corollary 13.31 If no such neighborhood U exists then the domain is half-open 
and 0 is a boundary point; thus due to the continuity of g at 0 we see that either 
p( 0 ) £ o( 0 . 0 °°) or 3 ( 0 ) £ a( 0 .(p — 1 )°°) and the conclusion follows. 

□ 

Corollary 4.4. Let 21 be a finite automaton, let (x;y) £ P(2l) C T 2 , and let 
x £ 7L p fl Q \ {0}; then y £ Z p fl Q. If x = 0 then y £ [0,1) fl Q; moreover, there 
exists y £ fl Q such that (0; y) £ P(2l). 

Proof of Corollary \4-4\ As x £ Z p fl Q and x £ [0,1) then by Corollary 12.71 the 
base-p expansion is purely periodic; that is, x = O.ie, where w £ W°° is a right- 
infinite periodic word: w = (v)°° for a suitable finite non-empty word v £ W. As 
(x,y) £ P(2l) then by Note [2T8] there exists a sequence (iq)?fi 0 of finite non-empty 
words such that lim^oo O.rq = x and simultaneously linq^oo O.a(iti) = y. Let 
x 7 ^ 0; then v is not a 1-letter zero word: v =4 0. Therefore since lim^oo O.rt, = x, 
for all sufficiently large i the words Ui must be of the form Ui = (v) Li Ui where Li 
increases unboundedly while i —> 00. Therefore we may assume that the sequence Li 
is strictly increasing (we consider a strictly increasing subsequence of the sequence 
(Li) if otherwise) and that all iq are of the form Ui = (v) Li Ui. Let s(i) be a 
state the automaton 21 reaches after being feeded by the word Ui (s(i) = so if 
Ui = <f> is empty). As the automaton 21 is finite, then there are only finitely many 
pairwise distinct s(i), say these are s'(l),..., s'(n). Now we consider automata 
2 l(s'(l)),... , 2 t(s'(n)) and apply the same argument as in the proof of the second 
statement of Proposition l4.31 thus proving that y £ nQ. The same argument can 
be applied for the case when x = 0 but there exists an infinite sequence of words 
Ui whose lengths are increasing unboundedly while i —> 00 . Therefore the only rest 
case is now x = 0 and once the word sequence (u,;)°f ( 0 is such that lim^oo O.rij = x 
and lengths of Uj are bounded; A (m) < K for all i £ No- But this just means 
that for all sufficiently large i all the words Ui are AT-letter zero words: rq = ( 0 ) K 
for a suitable K £ N. But then y = O.a^O)^); thus y £ [0,1) fl Q. The last 
claim of the corollary trivially follows from Proposition [O] since once y £ a(0) then 
(0; y) £ P(2l) by the definition of P(2l). □ 

The following definition introduces an important technical notion, the mark-up, 
which will be used in further proofs: 

Definition 4.5. Given a function 3 : D —> [0,1] defined on the domain D C [0, 1], 
an automaton 21, and a point x £ D consider a right-infinite word w such that x = 
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O.w, cf. (I4.60j) . (14.611) . (14.621) . An infinite strictly increasing sequence 
over No is called an s-mark-up of the (right-infinite) word w = 7071 ■ • ■ w.r.t. g and 
21 (or briefly a mark-up when it is clear what g , 21 and s are meant) if there exists 
a state s £ § of the automaton 21 such that limfc^oo p(a s ( 7 o 7 i... 7 i k )) = g(x). 

Remark. Given x £ D C S, the mark-ups of x are defined exactly in the same 
way. Note only that the point x = 0 of § coincides with the point x = 1 and 
1 = 0 = 0.000 ... = 0.(p — 1 )(p — l)(p — 1)... £ § as § = R mod 1. In a similar way 
we define the mark-up when g: !?—>§. 

The following proposition shows, speaking loosely, that if a continuous real func¬ 
tion is finitely computable, then all base-p expansions of all its arguments can be 
marked-up: 

Proposition 4.6. Given a continuous function g: (a, b) —> [0,1] (or, which makes 
no difference, g: ( a,b ) —> § where (a, b) C S is an arc of the unit circle 8 ) let 
G{g) C P(2t) for a suitable finite automaton 21. Then for every x £ (a,b) and 
every infinite word w such that x = O.w there exists an s-mark-up, for a suitable 
state s = s{w) £ S of the automaton 21. 

Proof of Proposition ^ -6] The idea of the proof is as follows: Once feeding a fi¬ 
nite automaton 21 by infinite sequence of finite words 70 , 7 o 7 i> 7 o 7 i 72 , ■ ■ • over Z p , 
the automaton reaches some of its states infinitely many times; this state s speci¬ 
fies a mark-up (i(s)) since corresponding sequences of approximations O .70 .. - 7 i( s ) 
and a s ( 0 - 7 o .. - 7 i( s )) tend accordingly to x = 0.707172 • • ■ and to g(x) due to the 
continuity of g at x. Now we prove the proposition rigorously. 

Firstly consider the case when x £ (a, b) has a unique base-p expansion, say, x = 
0-7o7i... = O.w, where w = 7071 .... As g{x) is 2l-computable, there exists a se¬ 
quence wq, W\,W2, ■ ■ ■ £ W of finite non-empty words such that p(wo), p(w 1 ), p(w 2 ), ■ ■ ■ £ 
(a,b), lim^oo p(wi) = x and lim^oo p(a(wi)) = g{x). Note that the sequence 
(A(wi))?fl 0 is increasing since otherwise x = n/p r for suitable n, r £ No as lirn^oo p(wi) = 
x and thus x has a non-unique base-p expansion. We may assume that (A(wi ))“ 0 
is a strictly increasing sequence since otherwise we just take a suitable subsequence 
of (u>i)^ 0 . Moreover, by the same reason we may assume that A (wi) > i. 

Consider a word sequence wq = 70 , wi = 7 o 7 i, w? = 707172 , • • •• As x £ (a, b), 
there exists N £ No such that O.Wi £ (a, b) once i > N. Without loss of generality 
we may assume that N = 1 . As lim^oo O.Wi = O. 7071 ... = x, for every n £ No 
there exists M(n) £ No, M{n) > n, such that \0.Wi — O.Wjj < p~ n provided i,j > 

M(n ); therefore as A (wi) > i > M{n) > n, we conclude that Wi = 70 • • .7 n Vi for 
i > M{n) and suitable finite word Vi. Given n £ No, let M(n) be the smallest 
with the said property; this way we obtain an increasing sequence M{ 0) < M{ 1) < 

M(2) < .... Considering the subsequence (rojif(j ))® 0 of the word sequence 
we see that WM(j ) = To---Tj r j f° r j = 0 , 1 , 2 ,... and suitable finite non-empty 
words 77 , that lim^oo p(wM(j)) = x and that Hindoo p{a(wM(j))) = g{x). Now to 
the word sequence ( 77)^0 we P u<: i n ^° correspondence the sequence (s(rj)))^T 0 
of states of the automaton 21 , where s(rj ) is the state the automaton 21 reaches 
after being feeded by the input word 77 . As the number of different states of 21 is 
finite, in the sequence (s(rj))^T 0 at least one state, say s, occurs in the sequence 
(s( 77 ))°T 0 infinitely many times; say, for j = {jo < ji < ji < 

Therefore 


lim p (70 • ■ • 7 j k ) = 0-7071 • • • = x 

K—tOO 

lim p(a s ( 7 o .. . 7 jk )) = lim p(a{w M (i k ))) = g{x) 


(4.63) 

(4.64) 
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Recall that a = a So where So is the initial state of the automaton 21 = 2l(so). Note 
that nowhere in the argument above we have used that g is continuous. 

Now consider the case when x = n/p r for suitable n, r £ No, n £ {0,1,... ,p r — 1}. 
In this case, let O. 7071 ... be either of base-p expansions wrd r (a;), wrd z (:r). We will 
show that similarly to the case when a base-p expansion is unique, in the case 
under consideration there also exist s £ § and sequences io < *1 < *2 < ■ ■ ■, 
M(io) < M(ii) < Mfo) < ... over No such that M(jk) > ik for all k £ No and 
both (14.631) and (14.641) hold. 

For this purpose, consider arbitrary sequence ujo> w\, W 2 , ■ ■ ■ of right-infinite words 
over {0,1 ,... ,p — 1} which are not eventually periodic and such that 70 ... 7 i is 
a prefix of Wi for all i = 0,1,2,.... Then lim^oo O.Wi = x and therefore all 
0 .Wi £ (a, b) once i > I where I is large enough (we may assume that 7 = 0; oth¬ 
erwise we consider a subsequence rather than the whole sequence (wj)™ 0 ). 

Note that then lim^oo g(O.Wi) = g(x) as g is continuous on (a,b); therefore there 
exists a sequence (S(i))?l 0 over N such that for all i = 0,1,2,... the following 
inequality holds: 

\g(0.Wi) - g{x )| < p~ s{l) (4.65) 

Moreover, we may assume that the sequence (5(z ))“ 0 is strictly increasing (if not, 
we consider a corresponding infinite subsequence of the sequence (wi)^. 0 rather 
than the whole sequence). 

Consider now a word Wi = 7 io 7 ii • • ■ from the above word sequence (note that 
7 u = 7 a for l = 1 , 2 ,..., i). As every 0 .Wi is a unique base-p expansion of the 
corresponding real number from (a, 6 ), there exists a state s(i ) of the automaton 21 
and a strictly increasing sequence = ( jik)kLo of numbers from No such that 

lim p(a s(i )(jio 7 n ■ ■■7ij ik )) = g(0.Wi), (4.66) 

fc-> 00 

cf. the case we just have considered above at the beginning of the proof of the 
proposition. Therefore, for any k £ No there exists K(jik) £ N such that 

\p(*s{i){lio1a ■ ■ -link)) -s , (0.«ii)| <p~ K ^ ik) , (4.67) 

and there exists a strictly increasing sequence of k such that the corresponding 
sequence of A(j^) is also strictly increasing in force of (14.661) . Without loss of 
generality we may assume that the sequence (K{jik))kLo is strictly increasing (oth¬ 
erwise we consider a corresponding subsequence of the sequence 3{s(i))). 

As a total number of states of 21 is finite, in the infinite sequence (s(*))£2 . 0 
least one state, say s, occurs infinitely many times. We may assume that s(z) = s 
for all i £ No; otherwise we just consider respective subsequence of (wi)^l 0 rather 
than the whole sequence. As the sequence (jik)kLo strictly increasing, all jik > i 
once k is large enough. Given i £ No, denote via N(i) £ N the smallest number 
such that jik > i once k > N(i). We again may assume that N(i) = 0; if otherwise 
we will just consider the subsequence {jik)^N(%) ra th er than the whole sequence 
{jik ) < k=o ■ Then 7 , 07^1 • • -7 ij ik = 7o • ■ -7 iUk for all k where r ik is a non-empty finite 
word. 

Let s'(i, k) £ § be a state the automaton 2l(s) reaches after being feeded by the 
input word (the latter state s is defined above). As the total number of states of 
2 l(s) is finite, in the sequence ( s'(i, k))^L 0 at least one state, say occurs infin¬ 
itely many times. Moreover, by the same reason at least one state, say s ', occurs in 
the sequence (s / (z))^o infinitely many times. And again, without loss of generality 
we may assume that s'(i,k ) = s' for all i,k; otherwise we consider corresponding 
subsequences of the sequences (uii )“ 0 and {jik)kL 0 - Note that being feeded by the 
input word jmJh ■ ■ ■ 7ij ik = 7 o ■ • • li^iki the automaton 2 l(s) (rightmost letters are 
feeded prior to leftmost ones), the automaton outputs a word of length jn- +1 whose 
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(left) suffix of length i + 1 is the word which outputs the automaton 21 ' = 2 l(s') if 
being feeded by the word 70 ... 7 j. Therefore 

|p(a'(7o . • . 7 *)) - p( a s(7io7ii • ■ - 7 < P~ l+1 ( 4 - 68 ) 

Now combining (14.6511 . (14.6711 and (14.6811 we conclude that lim^oo p(o'( 7 o ... 7 j)) = 
g(x)\ but lim^oo p (70 .. . 7 j) = a; since O .7071 ... is a base-p expansion of x. This 
finally proves the proposition. □ 

Note 4.7. Actually during the proof of Proposition 14.61 we have shown that the 
following claim is true: Let the function g : U —> § (or, g: U T) be defined on an 
open neighbourhood U C S (or, U C I) of a point x, let g be continuous at x, and 
let G(g) C P(2l) for a suitable finite automaton 21; then there exists a mark-up for 
every base-p expansion of x. Moreover, if g : [a, b] —> [0,1] is a continuous function 
on the closed segment [a, b] then there exist an s-mark-up for right base-p expansion 
of a and for left base-p expansion of b. 

Corollary 4.8. In conditions of Proposition if the automaton 21 is minimal 
then G (g) C LP(2l). 

Proof of Corollary \4-8\ Follows immediately from Corollary 12.211 bv the definition 
of mark-up. □ 

The following proposition reduces examination of continuous functions com¬ 
putable by a finite automaton 21 for the case when the function is defined on a 
segment for which there exists a state s of the automaton such that the set of all 
points from the segment that has s-mark-ups, is dense in the segment; and so values 
at these points completely specify the function on the segment. 

Proposition 4.9. Let g: [a,b] -» [0,1], [a,b] C [0,1], be a continuous function; let 
G (g) C P(2l) for a suitable automaton 21 whose set of states S is finite. Then [a, b ] 
is a union of a countably many sub-segments [a', 6' ] C [a, b ], o' < , j = 1,2,... 
having the following property: For every j = 1,2,... there exists a state s q £ §, 
q = q{j), such that the set AI q ([a'j , &']) of all points from [o', 6'] that have s q -mark- 
ups is dense in [a', &']. 

Proof of Proposition \4-9\ For s £ § denote via W°° ( s ) the set of all right-infinite 
words w £ W°° such that O.w £ (o, b) and an s-mark-up for w exists; put O.W°°(s) = 
{O.w;: w £ "W°°(s)}. 

Given s £ § such that W°°(s) / 0, let W(s) be intersection of the closure W(s) 
of O.W°°(s) with (a, b); so W(s) is closed in (a, b) w.r.t. the induced topology 
on (a, b) and there are only finitely many pairwise distinct W(s); say, these are 
W(si),..., W(sfc). Proposition 14. 61 implies that W(si) U ... U W(s/c) = (a, b). We 
argue that for some W(si),..., W(s&) their interiors W(si)°,..., W (sk)° are not 
empty. Indeed, W(sj)° = W(sj)°n(a, b) for all i = 1,2,..., k\ but from Proposition 
14.61 it follows that W(si)U.. .UW(sfc) = [a, b] and therefore W(si)°U.. .UW(sfc)° 
is dense in [a, b] as [a,b\ is Baire, cf. e.g. [I] Theorems 6.16-6.17]. 

As some (without loss of generality we may assume that all) of the interiors 
W(si)°,..., W(s/c)° are non-empty, the interiors are countable unions of open in¬ 
tervals: W(si)° = U t±i{ a ie,b' u ), a' u < b' u , ( i = 1, 2, .. k). Therefore W(s l ) = 
UfcLi[ a i£>fry. This completes the proof as W(si) U ... U W(sfc) = [a,6]. □ 

Corollary 4.10. In conditions of Proposition ^-^, J ^ le segment [a, b] admits a count¬ 
able covering by closed sub-segments [a', 6'] C [a, b] such that the graph G (gj) of 
the restriction of the function g to the sub-segment [a', &'•] lies in P(2l(s)) C P(2l) 
for a suitable sub-automaton 2l(s) of the automaton 21, s = s(j) £ S. 










QUANTIZATION CAUSES WAVES 


45 


Proof of Corollary \4-10\ Indeed, the closure of the point set {(x; g{x )): x £ M g ([a', 6' 
in M 2 is a graph of the restriction gj of the function g to the segment [a'-,6'] as 
gj is continuous on [o'-,6'-]. On the other hand the closure must lie in P(2l(s)) for 
s = s q as g(x) = lim^oo p(a s (7o . .. 74)) where x = O.7071 ... and i 0 ,i 1, ■ • • is an 
s-mark-up. Note also that P(2l(s)) C P(2l) as every state of the automaton 21 is 
reachable from its initial state sq (since we consider reachable automata only, cf. 
Subsection [Tali . □ 

Note 4.11. From the respective proofs it follows that both Proposition 14.91 and 
Corollary 14. 101 remain true for a continuous function g: [a, 6] —> § as well as for the 
case when [a, 6] C §. 

The following theorem shows that we may restrict our considerations of finitely 
computable continuous functions to the case when computing automata are mini¬ 
mal. 

Theorem 4.12. Given a continuous function g: [a, b\ —> [0,1], [a, b\ C [0,1] such 
that G (g) C P(2t) for a finite automaton 21, there exists a countable covering 
{[a'j,bj\ C [a, b] : j = 1,2,...; a' < &'} of the segment [a,b] such that for every 
j the graph G (gj) of the restriction gj of the function g to the segment [a', &'•] lies 
in LP(2l n ) for a suitable minimal sub-automaton 2l„ of 21, n = n(j). 

Proof of Theorem \4.12\ The state s q from Proposition [479] is either ergodic or tran¬ 
sient, see Subsection 12.31 We consider these two cases separately. 

Case 1: The state s q is ergodic. As the set Mg([a'-, £>'•]) from Proposition ^. 91 is 
dense in [a'-, &'■] and gj is continuous, every point gj(x) for x £ [a'-, &'] is a limit of 
a sequence {g{xi))fZ 0 where (xi)iS 0 is a sequence of points from M g ([a'-, £>'•]) and 
(xi)il q tends to x as i tends to infinity: 

x = lim Xi ; (4.69) 

i—¥ 00 

gj(x) = lim gj(xj). (4.70) 

1—yoo 

But Xi = O.uii where Wi is a right-infinite word for which there exists an s g -mark-up 
(cf. the construction of the set M g ([o'-, &'•])); therefore from (14.6911 (14.7011 it follows 
now that there exists a sequence (hi)ft L 0 of finite words h.£ of strictly increasing 
lengths such that 

x = lim 0 .he; (4-71) 

^—>■00 

9j( x ) = lim p(a Sq (h e )). (4.72) 

£.—yoo 

Indeed, the words hi are (left) prefixes of words w q = ... that correspond 

to s g -mark-up; that is, hi are of the form .. .w^ t( where the sequence 

( r qe,k)kLo Sg-mark-up of the word w qi . Now, as the state s q is ergodic (that 

is, s q a state of a certain minimal sub-automaton, say 2t g = 2l(s g ), of the automaton 
21, cf. Subsection l2.dll . then we just mimic the proof of Theorem 12.201 starting with 
(12.211) (12.221) and show that (x,gj(x)) £ LP(2l g ). 

Case 2: Now let the state s q from Proposition 14.91 be not ergodic (whence 
transient). Thus there exists a finite word u = ao ■ ■ ■ ak-i such that after the 
automaton 21 = 2l(s g ) has been feeded by the word u (rightmost letters are feeded 
to the automaton prior to leftmost ones), the automaton reaches some ergodic state 
(say t) which is a state of a minimal sub-automaton 21' = 2t(t), see Subsection 12.31 
Note that then all words of the form vu have the same property, for all v £ W^: 
After being feeded by vu, the automaton reaches some state from the set of states 
of 21' due to the minimality of 21'. Therefore, the set B q C Z p of all p-adic integers 
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whose base-p expansions (cf. Subsection 12.21) are left-infinite words w £ W°° such 
that if the automaton 21 (s q ) while being feeded by the word w reaches at a finite 
step some ergodic state (that is, reaches a state which is a state of some minimal 
automaton of 21) is a union of balls of non-zero radii in Z p ; thus, the set B q is an 
open subset in Z p since every ball of a non-zero radius is open in Z p w.r.t. the 
p-adic topology, cf. Subsection 12.21 Hence the set A q = Z p \ B q is a closed subset 
of Z p ; and the set A q consists of all p-adic integers such that if the automaton 
2 l(s g ) is being feeded by a left-infinite word that is a base-p expansion of some 
p-adic integer from A q , the automaton 21 never reaches an ergodic state. Let P q 
be the set of all finite prefixes of words from A q \ denote P 9 a closure of the set 
0 .P q = {O.w: w £ P q } in M. 

Claim: The interior of P 9 is empty (therefore P q is nowhere dense in [0,1]). 

Indeed, if not then P 9 contains an open interval ( a q , b q ). Take a finite non-empty 
word u such that a q < O.u < b q . As P, D ( a qi b q ) then, given an arbitrary finite 
non-empty word v = ati... ctk where ak ^ 0 , there exists a sequence W(v) = 
of finite non-empty words Wi £ P q such that lim^oc O.Wi = O.uv £ (a q , b q ) (recall 
that uv is a concatenation of words u and v). Therefore either uv £ P q (thus v £ P q 
by the construction of P q ) or W(v) contains an infinite subsequence of words of the 
form w[ = ua\ ... a' k (p — l) ri where a' k = a*, — 1 , rq < r% < ■ ■ ■ (recall that (p— l) n 
is a word of length r r all whose letters are p — 1); hence by the construction of P q 
there exists an infinite sequence w" = a.\ ... a' k (p— l) ri over P q . Thus we conclude 
that once n £ N, the closure of A q in Z p (thus, the very set A q itself as it is closed) 
must either contain n or — n (recall that negative rational integers in Z p are exactly 
that ones whose canonical p-adic expansions have only a finitely many terms with 
coefficients other than p — 1, cf. Subsection 122 ). But this implies that A q = Z p as 
the set {±n: n £ N} (where + or — are taken in arbitrary order) is dense in Z p . 
On the other hand, by the construction the set A q consists of all p-adic integers 
such that if the automaton 2 l(s g ) is being feeded by a left-infinite word that is a 
base-p expansion of some p-adic integer from A q . the automaton 21 never reaches 
an ergodic state; therefore the equality A q = Z p contradicts our assumption that s q 
is transient (since then there must exist a left-infinite word w such that at a finite 
step the automaton 21 = 2l(s g ) reaches an ergodic state if being feeded by w). This 
proves our claim. 

Denote now via / an automaton function of the automaton 21 = 2l(s 9 ); and for 
k = 1 , 2 ,... put 


E’ k (f) = 


z mod p k f(z) mod p k 


£ I 2 : z £ Z p \ A q — B q 


(4.73) 


a point set in the unit real square I 2 = [0,1] x [0,1]; then take a union E'(f) = 
U k L 1 E , k (f)-, denote via P'(2l) = P'(/) a closure (in topology of K 2 ) of the set E'(f) 
(cf. (12.171) 1. Denote via gj a restriction of the function g to [a'-, 6'-]. As the function 
gj is continuous on [o',6'] (cf. Corollary 14. 101) and G (g) C P(2l), then necessarily 
G (gj) C P'(2l) since the set P g is nowhere dense in [aby Claim 1. 

As the set S of all states of the automaton 21 is finite, there are only finitely many 
ergodic components in §; say they are §i,..., S m C §. Given an ergodic component 
§n (n = 1 , 2 ,..., m) denote 


E n = 


z mod p fc f(z) mod p k 


£ I 2 : z £ B q , k > k n (z) 


where k n (z) is the smallest k £ N such that after the automaton 21 = 2l(s g ) has 
been feeded by the word wrd(z mod p fe "( z )), the automaton reaches a state from 
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S„. Then the union E = U ™ =1 E n is disjoint and P'(2l) is a closure of E by 
(14.731) . Therefore P'(2l) = U^L 1 E n where E„ is a closure of E n in I 2 ; hence 
G (gj) = U™ = 1 (G( 5 j ) fi E n ). Note that from the definition of P(2l) (cf. Subsection 
E2D it follows that E„ = P(2l„) where 2l„ is a minimal sub-automaton (of the 
automaton 21 ) whose set of states is § n . 

Further, as the function g 7 is continuous on [a',&'], the set G(gj) is closed in 
I 2 ; therefore the set G„ = G(gj) fl E„ is closed in R 2 . Hence, the set R„ = {x £ 
[o'-, 6 '-]: (x,g(x)) £ E n } is closed in R and [o'-, 6 '-] = Now by argument 

similar to that from the proof of Proposition 14.91 we conclude that some of the 
interiors R° must be non-empty and hence either of the non-empty interiors is a 
union of a countably many open intervals. By taking closures of the intervals we 
see that [o'-, &'•] is a union of the closures, that is, [a'-, &'■] is a union of a countably 
many its closed sub-segments [aF, &'• J (i £ No) of non-zero lengths, and the graph 
of the restriction gj^ of gj to either of the sub-segments lies in E n = P(2l„) for 
a suitable n £ {1,2,...,to}. Now we apply Proposition 14.91 substituting p,,-., for 
g and [a' 7i , b' 7i ] for [a, 6 ]; but as every s q from the statement of Proposition 14.91 is 
now a state of the minimal sub-automaton 2l„, we now are in conditions of Case 1. 
Therefore G (gj.f) C LP(2l n (s ? )); but LP(2l„(s)) = LP(2t n (f)) for all states s,t of 
the automaton LP(2l„(s g )) due to the minimality of the automaton, cf. Note 12.221 

This finally proves the theorem. 

□ 

Note 4.13. From the proof of Theorem 14.121 it follows that the theorem remains 
true for a continuous function g: [a, b] —> § as well as for the case when [a, b] C S. 

The following proposition shows that we may if necessary consider only finitely 
computable continuous functions defined everywhere on the unit segment [0, 1 ] 
rather than on sub-segments of [0, 1 ]. 

Proposition 4.14 (The similarity). If a continuous function g: [a, b] -A S, [a, b] C 
[0,1], is such that G[ ab ](p) C P(2l) for a suitable finite automaton 21 = 2l(so) then 
for every n, to S No such that m > [log p nj + 1 and n/p m , ( n + 1 )/p m £ [a, b\ the 
function gd(x) = (p m g(d + p~ m x)) mod 1, where d = np~ m , is continuous on [0,1], 
and G[ 0 ,i] (gd) C P(2l). 

Proof of Proposition ^. lf\ As a base-p expansion of d is d = O.yo • ■ • Xm- 100 ... 
then, given a base-p expansion for x = O.cjoCi • • • G [0,1], a base-p expansion for 
d + xp~ m is d + xp~ m = 0-xo • • • Xm-iCoCi - • • an d d + xp~ m £ [a, b] for all right- 
infinite words CoCi • ■ ■ (thus, for all x £ [0,1]). Therefore if «o < *i < *2 < ... is 
a mark-up for xo ■ • • Xm-iCoCi • • ■ (cf- Propositionthen (j rn = i r+m - m)~ =0 , 
where r = minjt: i# > to}, is an s-mark-up of the infinite word CoCi f° r a 
suitable state s £ § of the automaton 21 = 2l(so) w.r.t. the function g. Hence, 

i^pMCoCi ■ ■ -0J) = (p m ■ (g ( d+ ^))) ^ mod <i 4 - 74 ) 

as p(a s (CoCi • • ■ CjJ) = (P m (p(a s (xo • ■ • Xm-iCoCi ■ ■ • CjJ))) mod 1. By our assump¬ 
tion on reachability of the automaton 21 (cf. Subsection 12.311 . there exists a finite 
word u = u(s) such that the automaton 21 being feeded by u reaches the state 
s and outputs the corresponding finite word u' = a So (u); therefore the automa¬ 
ton 21 = 2l(so) being feeded by a concatenated finite word CoCi ■■■Cjk u outputs 
the concatenated finite word a s (CoCi ■ • ■ Cjk) u ' ■ Bed li m fc->oo p( a s 0 (CoCi ■ • ■ Cjk u )) = 
linife-j-oo p(a s (CoCi • • • Cjk ) u ') = liuifc-s-oo p(d«(CoCi • • -Cj k )) and simultaneously x = 
linife^oo p(CoCi • ■ • Cjk u ) = limfc-^oo p(CoCi • ■ • Cjk) smee the words u, v! are finite and 
fixed; therefore (x\gd(x) mod 1) e P(2t) for all x £ [0,1] in view of (14.741) . 
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The function gd is conjugated to a continuous function by a continuous map and 
therefore is also continuous: Once e, h £ [0,1] are such that \e — h\ < p~ K i L '> to 
ensure that | g(d + p~ m e) — g{d + p~ m )h\ < p~ L for a sufficiently large L £ N then 
\9d{e) ~9d(h)\ <p~ L+m . 

□ 

Corollary 4.15. If a continuous function g: [a,b\ — > S, [a, b] C [0,1], is such 
that G ( a< b)(g) C P(2l) for a suitable finite automaton 21 = 2l(so) then for every 
n, to £ No such that m > [logp nj + 1 and d = n/p m £ [a, b) 

• the function gd.M^x ) = (p M 9{d + p~ M x)) mod 1 is continuous on [ 0 , 1 ] for 
all sufficiently large M > m, and 

• G[ 0 p]{gd,M) C P(2l). 

Proof of Corollary \4-15\ Indeed, in the proof of Proposition 14.141 as a base-p ex¬ 
pansion for d = np~ m just use O.yo ■ • • Xm- i(0) M ~ m where M > to is large enough 
so that 0-xo • ■ • Xm-i(0) M_m_1 l £ [a, b\. Note that nowhere in the proof of the 
proposition we used that some of XO) • • •, Xm- 1 are not zero. □ 

Note 4.16. Corollary 14.151 shows that given any point d! £ [a, b) and a rational 
approximation d = np~ m of d 1 , the graph of the function g on a sufficiently small 
closed neighbourhood [a', b '] of the point d' ^ b' is similar to the graph of the 
function on [0,1] where d = np~ m and M is large enough. 

Summarizing results of the current subsection we may say that while considering 
a continuous function g: [a, b\ —> § (where [a, b] C [0,1] or [a, b\ C S) whose graph 
G (g) lies in P(2l) for some finite automaton 21 one can if necessary assume that 
the function is defined and continuous on [ 0 , 1 ] (or on § except for maybe a single 
point), the automaton 21 is minimal, the function g is ultimately computable by 21 
and that for some state s of 21 the set of all points from [ 0 , 1 ] which have base-p 
expansions admitting s-mark-ups is dense in [ 0 , 1 ] (respectively, in §). 

4.2. Finite computability of compositions. It is clear that a composition of 
finitely computable continuous functions should be a finitely computable continu¬ 
ous function. The following proposition states this formally and gives some extra 
information about the graph of a composite finitely computable function. 

Proposition 4.17. Let [a, b\,[c, d] C [0,1] and let g: [a,b] —>■ [0,1], /: [c, d] — 
[0,1] be two continuous functions such that g(\a,b\) C [c, d] and there exist finite 
automata 21 and 25 such that G [ a ^](g) C P(2t), G[ c ,d](f) C P(2$). Then there 
exists a covering {[a', &'] C [a, b]: j £ J} such that if hj is a restriction of the 
composite function f(g) to the sub-interval [a'-, 6 '] then G [ a '.,b'.](hj) C P(£j) for 
every j £ J, where €j is a sequential composition of the automaton 21 (sj) with the 
automaton 25 (tj) and Sj,tj are suitable (depending on j) states of the automata 21, 
25 accordingly. 

Proof of Proposition \4-17\ By Note 14. 71 for every right-infinite word w = 7071 ... £ 
W°° such that x = O.w £ (a, b) there exists a mark-up (w.r.t. some state s of 
the finite automaton 21 ) io, ii, 12 , ■ ■ •! he., linifc _ i . 00 p(a(wk)) = g{x), where Wk = 
7 o 7 i--- 7 » fc 6 W; and if x = a (respectively, x = b) then the mark-up exists 
at least for right (respectively, left) base-p expansion. By the same reason, for 
y = g{x) = O.w, where v = I'oZ'i... £ W°°, there exists a mark-up jo 
(w.r.t. some state t of the finite automaton 25) such that lim^^oo p(b(v n )) = g(y), 
where v n = vo^i ■ ■ ■ £ W. Now for to £ No denote N(m ) = min{fc: ik > 

jm} 1 consider the sequence (N(m))™ =0 and let q( 0) = N(mo),q(l) = IV(mi),... 
be a strictly increasing subsequence of (N(m))™ =0 . Denote s(£) the state the 
automaton 21 reaches after being feeded by the word 7 i m +i7j m +2 • ■ • 7 i 4(/) ; put 
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s(£) = s if the latter word is empty. As the automaton 21 is finite, there is a 
state, say s', that occurs in the sequence (s(£)) infinitely often. Then the sequence 
( jm(e) : s(£) = s') is a mark-up of the word w w.r.t. the automaton 2l(s'), and 
simultaneously the same sequence is a mark-up of the word v w.r.t. the automaton 
23(f). Therefore lim^oo p(c'( 7 o 7 i... 7 jm(<) ))) = f(y) = f(g(x)), where <£' is a 
sequential composition of automata 2l(s') and 23(f). 

By Corollary 14.101 the segment g([a,b]) can be covered by a countably many 
segments [ck , dk] , k £ N where for every k there exists a state tk of the automaton 
23 such that the set of all points from [ck,dk] whose base-p expansions (w.r.t. the 
function /) admit t^-mark-ups is dense in [c*,, dk]- Given a real number y £ [ck,dk] 
and its base-p expansion, in view of Proposition 14.61 there exists a t^-mark-up of 
the base-p-expansion. Having this mark-up and by acting as above, we, given 
x £ g~ 1 (y) find corresponding state s' k of the automaton 21 and construct a strictly 
increasing sequence over N such that the sequence is simultaneously a mark-up for 
y (w.r.t. tk and the function /) and for x (w.r.t. s' k and the function g ). 

Let s^,..., s' r be all pairwise distinct states of the automaton 21 that satisfy the 
following condition: For every w,v £ W°° such that O.v £ [a, fe], g(0.w) = O.u 
there exists an s'-mark-up (for suitable i £ { 1 , 2 ,..., r}) such that the mark-up is a 
mark-up both for w (w.r.t. s' and g) and for v (w.r.t. tk and /) simultaneously. For 
i £ {1,2,..., r} denote via W°°(s') the set of all infinite words w £ W°° such that 
there exists an s-mark-up which is a mark-up both for w and for v simultaneously; 
then proceeding in the same way as in the proof of Pronosition l4.9l we conclude that 
there exists s' = s' and a closed subinterval [a', b '] such that W = W 00 (s') (~l [a', fe'] 
is dense in [a', 6 ']. But then g(W) is dense in g([a',b']) and f(g{W)) is dense in 
[f(g ([a', b'])) as g is continuous on [a', b '] and / is continuous on g([a', fe']). Therefore 
for a finite automaton (f' fc which is a sequential composition of the automata 2 l(s') 
and 93(£fc) we have that the graph of the restriction h of the function f(g) to [a', b'] 
lies in P(£' fe ). 

□ 


Note 4.18. By arguing as in the proof of Proposition 14.171 the following can be 
shown: Let [a,b] C [0,1], let g: [a, b] — > §, /: [a,b] -A § fee two continuous 

functions, and let there exist finite automata 21 and 23 such that G[ a b](g) C P(2l), 
G M] (/) ( P(23). Then there exists a covering “([u^, bj ] CZ [u, fe]. j £ such that 
if hj is a restriction of the function (/ + g) mod 1 to the sub-interval [a'-, 6 '-] then 
G[ a '.y.](hj) C P(£j) for every j £ J, where £j is a sum of the automaton 21 (sj) 
with the automaton 23(£j) and Sj,tj are suitable (depending on j) states of the 
automata 21, 23 accordingly. Here by the sum of automata 21 and *8 we mean a 
sequential composition of the automata by automaton which has two inputs and 
a single output and performs addition of p-adic integers. The latter automaton is 
finite, see Subsection 12.41 and Proposition 12.151 Note also that we may assume that 
both / and g are defined on an arc of S rather than on [a, b\. 

Corollary 4.19. Given A, B £ Z p (~lQ and continuous finitely computable functions 
f,g: [a, fe] -A S, there exists a covering {[a',fe'] C [a, fe]: j £ J} such that the 
function Af + Bg is finitely computable on every [a'-, fe']. 

Comparing Theorem l4.12l with Proposition l4.17l we see that in the class of contin¬ 
uous functions there is no big difference between finite computability and ultimate 
finite computability since given a finitely computable continuous function on a seg¬ 
ment there exists a covering of the segment by sub-segments such that the function 
is ultimately finitely computable on either of the sub-segments. 
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5. Main theorems 

In this section we prove that a graph of any C' 2 -smooth finitely computable 
function g: [a, 6 ] —> S, [a, 6 ] C [0,1), lies (under a natural association of the half¬ 
open interval [ 0 , 1 ) with the unit circle 8 ) on a torus winding with a p-adic rational 
slope; and if 21 is a finite automaton that computes g then necessarily the graph 
of the automaton contains the whole winding. Moreover, we prove a generalization 
of this theorem for multivariate functions. To make further proofs (which are 
somewhat involved) more transparent we begin with a brief (and no too rigorous) 
outline of their general underlying idea. 

Given g as above, fix x = np~ m £ [a, b\; then for h £ [0,1] and all sufficiently 
large Z from the differentiability of g it follows that g(x + p~ m ^ e h) = g{x) + g'{x) ■ 
p~ m ^ e h+p~ m ~ t ^6(Z, h), where \6{Z, h)\ < 1 and t is a map from N 0 to N 0 such that 
p*W —> oo faster than p e —> oo while Z —> oo. Once h is fixed (say, h = p _1 ) then 
the above equality for large Z implies (in view of Proposition 14.171 and Corollary 
14.1911 that there exists a finite automaton *B X which computes (g'{x)) mod 1 = 
((g(x + p~ m ~ e ~ 1 ) — g(x))p m+l+l — p 1+ ^ - *^0(£,p -1 )) mod 1 being feeded by an 
infinite sequence of zero words whose lengths increase unboundedly, i.e., g'[x) £ 
P(*8a;): This is because, speaking loosely, the error term p 1+e -~ t ^6{Z, h) makes no 
perturbations of the infinite output sequence due to the fast growth of t(Z). But 
then necessarily g'(x) £ nQ by Proposition 14.31 Further Lemma [52] proves this 
fact rigorously. 

We then (see Lemma 15.31 below) play similar trick with the second derivative 
g"(x): As g is two times differentiable and g'{x) £ h p f~l Q, the function gi(u) = 
g(u) — g'(x) ■ u + c of argument u £ [a, &] is also a C-smooth finitely computable 
function for every cGQfl Z p . As g[( x) = 0, g'{ ( u ) = g"{u), we have (for all suffi¬ 
ciently large Z) that gi(x+p~ m ~ e h) = gi(x) + ^M-p - 2 ™" 2 ^ 2 +p- 2m ~ t ^e 1 (Z,h) 
where \Q\(Z,h)\ < 1, t(Z) = 2 Z + w(Z), and w is a map from No to No such that 
w(Z) —> oo as Z —> oo. From here in a way similar to that of above we deduce that 
9 ^ £ 7L V fl Q. But then, if g"{x) ^ 0, the argument means that there exists a 
finite automaton which performs squaring h —> h 2 of every h £ [ 0 , 1 ] with arbi¬ 
trarily high accuracy. However as it is well known (cf. Subsection 12.31) no finite 
automaton can do such squaring; so necessarily g"{x) = 0 for all x = np~ m £ [a, b\. 
But the set of these x is dense in [a, b\; therefore g"{x) = 0 for all x £ [a, b] as g" 
is continuous on [a, 6 ]. Hence g must be affine: g(u) = g'(x)u + e for all u £ [a, b ]. 
Note that then necessarily e £ Z p fl Q since e = g{ 0) and g is finitely computable, 
cf. Proposition 14.31 After that by Proposition 14.141 we can ‘stretch’ the graph of 
the function g from [a, b] to the whole unit circle 8 and thus finally obtain a whole 
cable which lies in the plot of the finite automaton which calculates g. But then by 
Theorem 13.91 the plot must contain the whole link of torus windings; and the graph 
G'[ a ,i ) ](p) must lie completely on some of these windings. The number of links is 
finite since every link corresponds to some minimal sub-automaton (see Subsection 
12.31 and Theorem E2D of the automaton which computes g; and the number of 
minimal sub-automata of a finite automaton is clearly a finite. Finally, every such 
link corresponds to a finite family of complex-valued exponential functions of the 
form tpk{y) = e^ Ay ~ 2 ' KpkB \ k = 0 , 1 , 2 ,..., for suitable A, B £ Z p C I Q as shown in 
Corollary 13.131 Figures [T21 and [T3l illustrate how the graphs of C 2 -functions from 
the plots of finite automata look like. 

Now we proceed with rigorous assertions and proofs. 

5.1. The univariate case. Here we show that C 2 -smooth finitely computable 
functions defined on [a, b] C [0,1) and valuated in [0,1) are only affine ones. Once 
we associate the half-open interval [ 0 , 1 ) with a unit circle § under a natural bijection 
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we may consider graphs of the functions as subsets on a surface of the unit torus 
T 2 = § x S. We show that then the graphs lie only on cables of the torus T 2 , and 
the slopes of the cables must be p-adic rational integers (i.e., must lie in Z p nQ), 
see Subsection 12.61 for definitions of torus knots, cables of torus, and links of knots. 

Theorem 5.1. Consider a finite automaton 21 and a continuous function g with 
domain [a, b] C [0,1), valuated in [0,1). Let G (g) C P(2l), let g be two times 
differentiable on [a,b], and let the second derivative g" of g be continuous on [a, b]. 
Then there exist A,B £ QnZ p such that g(x) = (Ax + B) mod 1 for all x £ 
[a, b]; moreover , the graph G[ a{ ,](p) of the function g lies completely in the cable 
C(A, B) C LP(2l) and C(A, B) C LP(2l) for all B £ C (B mod 1). 

Given a finite automaton 21, there are no more than a finite number of pairwise 
distinct cables C (A,B) of the unit torus T 2 such that C(A,B) C P(2l) (note that 
A, B £ Z p fl Q then). 



Figure 12. The 
limit plot in R 2 
of an automaton 
that has two affine 
subautomata 21 and 
fa(z) = -2 z+ | 
and f<s(z) = § z+j, 
where z £ Z 2 . 


Figure 13. The 
limit plot of the 
same automaton on 
the torus T 2 in R 3 . 
The plot consists of 
two torus links; the 
links consist of 2 and 
of 3 knots accord¬ 
ingly. 


Lemma 5.2. Consider a finite automaton 21 and a continuous function g with 
domain [a, b\ C [0,1) valuated in [0,1). Let G (g) C P(2l) and let g be differentiable 
at the point x = np~ m £ [a, b) where n £ No- Then g'ix) £ Z p fl Q. 

Lemma 5.3. Under conditions of Theorem 1 5. 1\ let x be the same as in the statement 
of Lemma HOI then g"(x) = 0. 

Proof of Lemma \5.Z\ Under conditions of the lemma, the right base-p expansion of 
x is x = O.70 ... 7 m _i00 ..., for suitable 70 ,..., 7 m -i £ {0,1,... ,p — 1}. We claim 
that ( p m g{x )) mod 1 £ fl Q. Indeed, as g is continuous and as x = O.nO 00 where 
v = 7 o-.- 7m-ii there exists an s-mark-up of the right-infinite word uO 00 w.r.t. 
some state s £ S (cf. Note 14.71) . That is, there exists a strictly increasing sequence 
k 0 <h < ... over N such that for the infinite sequence of words w * = v0 ki ~ m of 
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strictly increasing lengths ki (where i > K and I\ is large enough so that ki—m > 0) 
the following is true: 

lim O.Wi = x ; 

i—> oo 

lim 0 .a s (wi) = g(x). 

i—> oo 

Therefore, the mark-up (kj = kx+j — m)pLo °f the zero right-infinite word 0°° is 
such that (in the notation of Proposition 14.141) the following equalities hold simul¬ 
taneously 

lim 0 . 0 Si = 0 ; 
j~* oo 

lim 0 .a s ( 0 K ' 3 ) = g d { 0 ). 

J-too 

Now by combining Proposition 14.141 lor Corollary 14.151 if necessary) and Proposi¬ 
tion ro we conclude that g d { 0) 6 Z p D Q where d = x = O .70 ... 7 m -i! therefore 
(p m g{x)) mod 1 G Z p C\Q as g d ( 0) = ( p m g{d )) mod 1 . Note that if (n+l)p~ m £ [a, b] 
then we apply Corollary 14.151 rather than Proposition 14. 141 and use g d ,M instead of 
g d and M instead of m here and after. 

Take < £ N; then by differentiability of g , for all 0 < h < 1 and all sufficiently 
large f £ No we can represent g{x +p~ m ~ e h) as 

g(x + p- m ~ l h) = g(x ) + c{x) ■ p- m ~ e h + (4 ( 5 . 75 ) 

where c(x) = g'(x), \9(1, h) \ < 1 and t is a map from No to No such that p -A 00 
faster than p e —> 00 while £ -A 00 . That is, for all sufficiently large £ we may 
represent t(£) as t(£) = £ + w(£), where w is a map from No to No such that 
w{£) —>• 00 as £ —> 00 . 

Further, by Proposition 14.141 the function g(y) = (p m g(x + p~ m y )) mod 1 is 
continuous on [0,1] and GjopjO?) C P(2l). From here by combining Proposition 
14.171 and Theorem 1 3.9 1 we conclude that there exists a finite automaton £ such that 
the graph G[ 0 i i]( 5 ) of the function 

g(y) = (p m g{x+p- m y)-p m g(x))rnodl = ((p m g(x+p~ m y))modl-(p m g(x))modl)modl 
lies completely in P(£). 

Indeed, as ( p m g(x )) mod 1 6 Z p n Q then by (13.491) the graph of the continuous 
function y y — ( p m g(x )) mod 1 on [0,1] lies completely in LP(fB) C P(®) for 
a finite automaton © whose automaton function is f<s(z) = z — ( p m g{x )) mod 1, 

(z € Z p ), and therefore the composite function g(y) is finitely computable on [ 0 , 1 ], 
cf. Proposition 14. 171 We proceed with this in mind. 

We see from (15.751) that for all sufficiently large £ and all h the following is true: 

g(p~ e h) = {p m g{x+ p- m - i h)-p m g{x)) modi =c{x)-p- l h+p- t ^e{£,h). (5.76) 

Now for the rest of the proof we take (and fix) h = p -1 = 0.1. Let 0.a s a s+ i ... 
be a base-p expansion of {c(x)) mod 1 ; so c{x) = ao ■ ■. a s -i.a s a s +i ... is a base-p 
expansion of c(x). We may assume that c(x) > 0 since if otherwise we consider 
the function (—g) mod 1 which satisfies conditions of the lemma as g satisfies these 
conditions. If there exists two different base-p expansions for ( c(x )) mod 1 we will 
consider only one of these. Recall that these expansions are of the form 0.<(i... Cn 0 °° 
and 0-Ci ■ - • Cn-i Cn(.P ~ i ) 00 where Cl, • • •, Cn G { 0 , 1 ,... ,p - 1 }, < n ^ 0 and (' n = 

— 1. Now, if the function 0(£, p _1 ) is non-negative for an infinite number of £ G N, 
then we take the first of the base-p expansions; and we take the second one in the 
opposite case. 

We claim that in all cases mentioned above there exists a strictly increasing 
sequence L of £ G N such that, speaking loosely, the term p _t ^^0(^, h) has no affect 
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on higher order digits of the base-p expansion of the right-hand part of (15.761) . In 
the case when (c(x)) mod 1 admits only one base-p expansion this follows from the 
fact that tends to 0 faster than p~ ( as we may take for L all sufficiently large 

£. In the case when ( c(x )) mod 1 admits two base-p expansions the claim is also 
true since we consider a right base-p expansion (c(x)) mod 1 = 0 .£i... (n 0 °° and 
assume that the function 0(£,p _1 ) in (15.761) is non-negative for an infinite number 
of l £ N: In that case we take for L all sufficiently large l such that 0(£,p _1 ) > 0. 
When (c(x)) mod 1 admits two base-p expansions and the function 0(£,p _1 ) is non¬ 
negative only for a finite number of £ £ N, we consider a left base-p expansion 
(c(x)) mod 1 = O-Ci-.-Cn—l C' n (p- 1)°° where Cl, • • •, Cn £ { 0 , 1 ,... ,p - 1 }, ( n / 0 
and Cn — C™ — 1- Then there exists infinitely many £ £ No such that d(£,p~ 1) < 0, 
and we take for £ all these sufficiently large i. 

In other words, if we take £ £ £, substitute y = p ~ e ~ 1 to g(y) and apply (15.761) 
then we get 

p(0.(0) f l(0)°°) = 0. ao ... a tlW 5 timi S tl(e)+2 ..., (5.77) 

i-s+l 

where Sj £ { 0 , 1 ,...,p— 1 } for j > t\(£)- (-1, h(£) = — £+s+t(£) = s+w(£) (note that 
Sj depends on £). Further, by Note 14.71 we conclude now that given a right-infinite 
word u and £ £ N there exists an s-mark-up of the word 0 e u w.r.t. the function g 
where s is a suitable (depending on u and £) state of a finite automaton £ which is 
a sequential composition of the automaton 21 with the automaton IB This means in 
particular that given an infinite word v(£) = 0 £ 100 ..., for any £ £ £ there exists a 
mark-up (w.r.t. a suitable state s = s(v(£)) of the automaton £, cf. Proposition l4.6D 
i 0 (£), ii(£), i 2 {£), ■■■ of the word v{£). As a total number of states of the automaton 
£ is finite, at least one state, say s', in the sequence (s(v(£)): £ £ L) occurs infinitely 
many times. Denote £' = £(s') (then £' is a finite automaton as well) and consider 
an infinite strictly increasing sequence L' = (£': s(v(£')) = s'\£' £ £). 

Given a term £' of the latter sequence L' take the smallest k £ No such that 
ik{£') > t {£'); denote via s{£') the state the automaton £' reaches after being 
feeded by the word 0 lk ^ K As the number of states of the automaton £' is 
finite, in the infinite sequence (s(£')) at least one term, say s, occurs infinitely many 
times. Consider an infinite sequence (£')jl 0 such that s(£'j) = s and consider an 
automaton ^(s) (whence the latter automaton is finite also). If the automaton 
£'(s) is being feeded by the word 0 ^ then the automaton outputs the word 

Qj = Vo ] ■ ■ ■ a t (}'■)> tl iere f° re being feeded by the word 0 “^ the automaton outputs 

the word q'j = a ^?_ s+1 ... cr^,^ of length Lj = w(£'£) — s. As w(£) —> oo while 

£ —> oo we may assume without loss of generality that the sequence (Lj) is strictly 
increasing (since if otherwise we consider a subsequence (ji)i^o °f sequence (j) 
such that the sequence (Lj i )“)o). Now by mimic the proof of Proposition 14.31 we 
show that the sequence ( 0 .q'j) has only finitely many limit points and all these limit 
points are in Z p D Q. But from (15.771) it follows that lim^oo 0 .q'j = (c(x)) mod 1; 
therefore (c(x)) mod 1 £ Z p D Q and thus c(x) = g'(x ) £ Z p D Q. 

□ 

Proof of Lemma \5.3[ Let x be as in the statement of Lemma l5.21 i.e., let the right 
base-p expansion of x be as in the proof of Lemma T5.21 Then g'(x) £ QnZ p by 
Lemma 15.21 

Consider the function g\(u) = g(u ) — g'(x) ■ u + c of argument u £ [a,b] where 
c £ QnZ p ; then g i is two times differentiable on [a, b] and g[(x) = 0, g'{(u) = g"(u ) 
for all u £ [a, b]. As g\ is continuous on [a, b ], the constant c may be taken so that 
gi(u) £ [ 0 , 1 ] for all u from a sufficiently small closed neighborhood [ai,&i] of x. 
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We are going to prove that g"{x) = 0 for all x G [a, b\. Note that if g"(x) ^ 0 for 
some x G [a, b] then g" does not change its sign on a sufficiently small neighborhood 
( 02 , 62 ) C [ai, 6 i] of x. Indeed, if not, then there exist two infinite sequences, 
(xj)^o and (xj)^o suc h that the terms of either sequence are pairwise distinct, 
linij-yoo ±i = linq^oo Xi = x , and g"(xi) > 0, g"{xi) < 0 for all i G No- But 
as lim^oo g'i(xi) = lim^oo g"(xi) = g"(x) (since g" is continuous at x) then 
necessarily g”{x) = 0; but this contradicts our assumption that g'{(x) ^ 0. We 
therefore may assume that g"(u) > 0 for all u G [ 02 , 62 ]; otherwise consider the 
function 1 — gi rather than g\. 

Finally by Corollary 14.191 we conclude that g± is finitely computable on a suf¬ 
ficiently small closed neighbourhood U C [a, b] of x. Further we use g for g\ and 
[a, b] for U without risk of misunderstanding. Thus we have: 

(i) g is finitely computable on [a, 6 ] 3 x; 

(ii) g is two times differentiable on [a, b ]; 

(iii) g" is continuous on [a, 6 ]; 

(iv) g" > 0 on [a, 6 ]; 

(v) g'{x) = 0 ; 

Now, since g is two times differentiable on [a, 6], for all 0 < h < 1 and all 
sufficiently large £ G No we can represent g(x + p _m ~ £_ 1 6 ) as 

g(x + p- m - e h ) = g(x) + C(x) ■ p- 2m - 2 V + p-^-^Oit, h), (5.78) 

where C(x) stands for 9 \6((,h)\ < 1, t(£) = 2£ + w(£), and w is a map from 

No to No such that w{£) —> 00 as £ —> 00 . 

Claim 1: C\x) G D Q. We prove that by mimic of the respective part of the 
proof of Lemma [5T2l Firstly we show that (p m g(x )) mod 1 G D Q as in the proof 
of Lemmathus considering a function g(y) = {p m g{x +p~ m y ) —p m g{x)) mod 1 
we see that 


g(p~ e h) = (p m g(x + p~ m ~ e h) — p m g(x)) mod 1 = C(x) -p - m " 2 ^ 2 +p- m ~ tW 0(£, h) 

(5.79) 

for all sufficiently large £. 

Let 0.a s a s+ i... be a base-p expansion of ( C(x )) mod 1 (we may take either of 
the expansions if there exist two different ones); so C(x) = op ... a s _i.a s a s +i • ■ ■ is 
a base-p expansion of C(x). Take 6 = 1; then for all sufficiently large £ the base-p 
expansion of the right-hand part of (15.791) is of the form 


0. 0.. ao ■ • ■ a t 1 (e)^t 1 (e)+i^t 1 (e)+2 ■ ■ ■ 


m+2£—s 


(5.80) 


where 5j G {0,1,... ,p — 1} for j > t\{£) + 1 = t{£) — m — 2£ + s = w{£) — m + s 
depend on £. 

The function (p m g(x + p~ m z) —p m g(x )) mod 1 of argument z is continuous and 
finitely computable on [0,1] by a finite automaton G. Now considering an infinite 
word 0^10°° with the corresponding mark-up we prove in the same way as in Lemma 
o that the corresponding sequence of finite output words of the automaton G is a 
sequence of initial finite sub-words of the infinite word 0 m+ 2 ^ s a!oai... and then 
deduce as in the proof of Lemma l5dH that C(x) G Z p flQ (note that given x = np~ m 
we may always take m so that m + 2£ — s > £ without altering the value of x just 
by multiplying both numerator and denominator by a suitable power of p). 

Claim 2: Now we prove that C(x) = 0. Assume that C(x) ^ 0; that is, that 
g"{x) ^ 0. Let p c = |C(x)| p , c G Z, be a p-adic absolute value of C(x); therefore 
C(x) = qp~ c , where q G Z p , q is a unity of Z p , cf. Subsection 12.21 By Claim 1, 
C(x) G Z p fl Q, so necessarily c < 0 and q G Q; whence q G Z p D Q and thus 
q~ l G Zp flQ as q is a unity. Therefore the function g(y) = (q~ 1 {p m g{x + p~ m y) + 
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p m g{x)) mod 1) mod 1 of argument y G [0,1] is finitely computable on [0,1] (say, by 
the automaton 18): This follows from Propositions 14.14114.171 and Corollary 14.191 
Now by (15.7911 we conclude that 

(q~ 1 (p m 9(x + p~ m ~ l h) + p m g{x)) mod 1) mod 1 = p~ k ~ n h 2 + h), 

(5-81) 

where k = c + m > 0 (we may assume that the inequality is true just by taking 
m sufficiently large by multiplying both numerator and denominator by a suitable 
power of p and thus without altering the value of x), \9\{£,h)\ < 1, t\(l) = 2£+wi(£), 
and w\ is a map from No to No such that w\(l) —> oo as £ -* oo. 

Further, given n G N and a word v n = Xo ■ ■ -Xn—i €= W and taking y = p~ c h 
with h = 0.u n 0°° we have that {p~ e h; g(p~ e h)) G P(* 8 ). Let io(£,v„) < ii(£,v n ) < 
i 2 (£,v n ) < ... be corresponding mark-up of the infinite word 0 ^„ 0 °° (the lat¬ 
ter infinite word corresponds to y = p~ e h once h = 0.v n 0°°). Take r the small¬ 
est so that i r = i r (£,v n ) > t\{£) + to; denote s(£,v n ) the state the automaton 
*8 reaches after being feeded by the word o ^(i,v n )-k- 2 i- 2 n_ ^} le num b er 0 f 

states of the automaton <8 is finite, in the sequence (s(£, v„))^. 1 at least one state, 
say s(v n ), occurs infinitely many times. Consider a strictly increasing sequence 
£ = {£j G N: s(£j,v n ) = s(v n ))j^ 0 ; then once wi(£j) > 2n + r, the automa¬ 
ton * 8 (s(£j,v n )) = ®(s( v n )), being feeded by the word 0 ij v n 0 k+(: > +n , outputs the 
word Co J) •■■dn-i- From lETHTTl it follows that (lim J ^ 00 {p k+2 ^ ■ 

0-Co j) • ■ ■ Cfc+ 2 ^-i^o J) • ■ ■ dn-i)) modl = h2 - Therefore (lim^oo ... ^_i)mod 
1 = h 2 = O.^o ■ • • £ 271—1 where 

£0 P 2n 1 + £iP 2 " 2 + • • • + £271-1 = (. XoP n 1 + XiP n 2 + • • • + Xn—l) 

(in other words, £o£i.. .£277-1 is a base-p expansion of the square of the number 
whose base-p expansion is v n = xo ■ ■ ■ Xn- 1 )- Thus necessarily £q J '^ = £ 0 ,..., £^_i = 
£2,7-1 for all sufficiently large j. But (jp~ e h; g(p~ l h)) G P(Q3) for all £\ thus 
by Proposition 12.251 ((p fe+ L h) mod 1; (p k+2£j g(p~ ej h)) mod 1 G P(®) for all j G 
No- Therefore for all sufficiently large j (such that k + £j > n) we have that 
(0; 0.£o ... £277-1) € P(23) since h = O.UnO 00 . In other words, as the automaton 
*&(s(£j,v n )) = ®(s(u n )), being feeded by the word 0 ^'i> 7 i 0 fc+ ^’ + ", outputs the word 
Co • • ■ Ck+ 2 fj-i£o ■ • ■ £277-1 once j is sufficiently large, k + £j > n, the automaton 
®( 5 (^ 77 ))) being feeded by the zero word 0 2rl , outputs the word £ 0 £i... £277-1- This 
means that, given an arbitrary number N G No whose base-p expansion (where 
higher order digits might be 0) is of length n, n being sufficiently large, there exists 
a state s of the finite automaton 18 such that the automaton 18 (s), being feeded 
by a zero sequence of length 2n, outputs a word (of length 2 n) that is a base-p 
expansion of N 2 . But this is not possible since it is well known that squaring is 
not possible by a finite automaton (cf.,e.g., [U Theorem 2.2.3] or |2U Proposition 
7.1.6]); however, a short proof follows. 

As the automaton 18 is finite, then there are only finitely many sub-automata 
*B(s(£,v n )). But any finite automaton, being feeded by a sufficiently long zero 
word 0 L outputs the word of the form Ui(ti 2 ) M W 3 , where M = M(L) G N, U 2 G W, 
Mi, 1 x 3 G and the words Mi,M 2 ,M 3 are completely determined by the finite 
automaton, mi is a right prefix of M 2 , cf. Lemma 12.101 But given finitely many 
words Mi. j, M 2 . 7, M 3 . 7 of that sort, i = 0, 1 , 2, ..., K, there exist infinitely many words 
£o£i... £ 277-1 which are base-p expansions of squares of numbers from No and which 
are not of the form Ui.i'U^iUs.i, i = 1,2,..., K, M = 1,2, — 

The contradiction proves that C{x) =0; therefore, g"{x) = 0. 

□ 
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Proof of Theorem \5.H We already have proved that g"(x) = 0 if x = np~ m £ [a, b), 
where n £ No, nn> [log p n\ +1. But the set of all these x is dense in [a, 6 ], so, as 
the second derivative g" is is continuous on [a, b] by the condition of the theorem 
under proof, g" must vanish everywhere on [a, 6 ]; therefore, g' = const. But this 
implies that there exist A, B £ R. such that g(x) = Ax + B for all x £ [a, b] and 
g'(x) = A for all x £ [a, b\. From Lemma [5.21 it follows now that A £ Z p (~l Q. 
Now taking an arbitrary number y £ (a, b) D Z p D Q we see that g(y) £ Z p fI Q by 
Proposition H31 hence g{y) — Ay = B must be also in Z p D Q as Ay £ Z p fl Q. 

Now we will prove that C(A, B) C LP(2l). To begin with, we note that by The¬ 
orem 14.121 there exists a minimal sub-automaton 21' and a segment [a', b'] C [a, b) 
such that G [ a ',b'](g) C LP(2l'). Taking d £ (a',b r ) as in the statement of Proposi- 
tion 14.141 we conclude that the graph G^ijQfa) of the function gd(x) = (Ax + An + 
p m B) mod 1 on [0,1] lies completely in P(2l'); thus G[ 0 i i ](gd) = {(a :;gd(x)): x £ 
[0,1]} C LP(2l') by Corollary 14. 81 An £ Z; that is, p m a <n< p m b. As A £ Z p flQ 
then A = P/Q for suitable P £ Z, Q £ N. Now given arbitrary R £ {0,1,..., Q — 1} 
we take n and m so that d = p~ m n satisfies conditions of Proposition UTT] (that is, 
p m a < n < p m b) and n = LQ + R £ {0,1,... ,p m — 1} for a suitable L £ No and 
conclude that 

{(a:; g<i(x )): x £ [0,1]} = {(x; (Ax + AR+ p m B) mod 1): x £ [0,1]} C LP(2l') 

Given arbitrary R £ {0,1,..., Q — 1}, the above inclusion holds for all sufficiently 
large m; therefore due the structure of C (B) (cf. Subsection 13.11) the following 
inclusion holds for every R £ {0,1,..., Q — 1} and every B' £ C (B): 

{(x; (Ax + AR + B') mod 1): x £ [0,1]} C LP(2l'). 

But (Ax + AR + B') mod 1): x £ [0,1]} = {((x mod 1; (Ax + B') mod 

1): x £ R} = C(A, B')\ therefore we have shown that C(A, B') C LP(2l') for all 
B' £ C (B mod 1). That is, LP(2l') contains the whole link of cables C (A,B r ) for 
all B' £ C (B) (i.e., contains LP(P) where F: z Az + B, z £ Z p , cf. Theorem 
13.91) and G[ a b ](g) lies completely in a suitable cable of the link. This proves the 
first claim of Theorem 15.11 since LP(2l') C LP(2l), cf. Note 12.231 

To prove the second claim, given a finite automaton 21 consider all cables C(A, B) 
such that C(A, B) = {(y mod 1; (Ay + B) mod 1): y £ R} C P(2l); whence by the 
first claim of the theorem all these cables lie in LP(2l). Moreover, as we have 
shown during the proof of the first claim of the theorem, for either of the cables 
C(A, B) there exists a minimal sub-automaton 21(4 B of the automaton 21 such that 
C(A, B) C 21(4 B . The cables cross zero meridian O = {(0; t mod 1): t £ R} C T 2 of 
the torus T 2 only when y mod 1 = 0; therefore the point set S of all the points where 
the cables cross zero meridian consists of the points of the form ( 0 ; e) where e £ a( 0 ) 
and S contains all the points of the form (0; B mod 1) where B are constant terms 
of the cables. As a(0) is a finite set (cf. Proposition 14.31) . there are no more than 
a finite number of pairwise distinct numbers B mod 1 (note that cables with equal 
slopes whose constant terms are congruent modulo 1 coincide). Now taking y £ Z 
we see that all the points of the form (0; (Ay + B) mod 1) of the cables belong to zero 
meridian and therefore to the finite set {( 0 ; r): r £ a( 0 )}; hence, there exist no more 
than a finite number of pairwise distinct numbers Ay mod 1 where y ranges over 
rational integers Z and A are slopes of the cables from P(2l). Thus if there exists 
an infinite number of cables in P(2l) then there exists a minimal sub-automaton 21' 
of the automaton 21 such that LP(2l') contains an infinite number of cables of the 
form C (AC,B) with A, B fixed and C ranging through an infinite subset C of Z 
so that AC mod 1 are all equal one to another. Therefore for the rest of the proof 
we may (and will) assume that the automaton 21 is minimal. 
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By the first claim of the theorem, A £ Z p fl Q; so there exists a unique represen¬ 
tation of A in the form 


where t £ N is a period length of A, c £ Z, and d, £ {0,1,..., p* — 2}, cf. Proposition 
12.21 and Note l2.4l Therefore C must contain an infinite subset of numbers from the 
coset q + (p* — 1 ) • Z for a suitable q £ {0,1,... ,p* — 2 } since AC\ = AC 2 (mod 1 ) 
implies A{C\ — C 2 ) = 0 (mod 1), i.e., A{C\ — C 2 ) £ Z. Thus from the assumption 
that there are infinitely many pairwise distinct cables in P(2l) it follows that then 
in LP(2l) there exist infinitely many cables of the form C (D + E,B) with B,E 
fixed (B € Z p fl Q, E £ Z p fl Q fl [0,1)) and D running through an infinite subset 
D C Z. By considering —/a (and the corresponding finite automaton) if necessary 
we may assume that D is an infinite subset of N. Therefore, D constitutes a strictly 
increasing sequence {Di)?Z 0 of natural numbers. Now take arbitrary u £ [0,1) 
and consider a sequence Xi = uDf 1 . As the sequence (Df) is strictly increasing, 
linq^oo Xi = 0; therefore lim^oo (x j; (DiXi+Exi + B) mod 1 ) = (0; (u + B) mod 1 ) £ 
LP(2l) as (xi ; {u + Exi + B) mod 1) £ C(Zb + E,B) C LP(2l) and LP(2l) is closed 
in T 2 , cf. Corollarv l2.21l Thus we have proved that zero meridian O = {(0; y): y £ 
[0,1)} of the torus T 2 lies completely in LP(2l). 

On the other hand, if (0; y) £ LP(2l) then y £ a(0) by definitions of LP(2l) and 
u(0), see Subsections 12.51 and Id. 11 but there are only finitely many points in a(0) by 
Proposition [Ol The contradiction proves the second claim of the theorem. 

□ 


5.2. The multivariate case. In this subsection we are going to extend Theorem 
I5.1l for the case of finite automata with multiply inputs/outputs. Note that actually 
an automaton over alphabet F p = {0,1,... ,p— 1} with in inputs and n outputs can 
be considered as a letter-to-letter transducer with a single input over the alphabet 
{ 0 ,1 ,... ,p m — 1} and a single output over the alphabet { 0 ,1 ,... ,p n — 1 }; therefore 
the plot of that automaton is a closed subset of the unit square I 2 . We however are 
going to consider plots of automata of that sort as subsets of multidimensional unit 
hypercube I m+ ". Therefore automata functions of such automata are 1-Lipschitz 
mappings from Z™ to Z", see Subsection 12.41 and vice versa, every 1-Lipschitz 
mapping from F: Z™ —> Z” is an automaton function of a suitable automaton 21 
with m inputs and n outputs over the alphabet F p . Note that F = (Fi\... ;F m ) 
where Tfc: Z ” 1 —> Z p (k = 1,2,..., m) is 1-Lipschitz and therefore is an automaton 
function of an automaton with m inputs and a single output. 

Now we re-state our definition of a (limit) plot for that case of automata with 
m inputs and n outputs. 


Definition 5.4 (Automata plots, the multivariate case). Given an automaton func¬ 
tion F = F< 2 i: Z™ —> Z™ define a set P(F<a) of points of M” +m as follows: For 
k = 1 , 2 ,... denote 


(5.82) 


a point set in a unit real hypercube I m+n ; here given y = ( 3 / 1 ;...; y q ) £ Z^ we put 
y mod p k f ?/i mod p k _ _ y q mod p k \ ^ ^i p k^q 


Then take a union E(F) = U^T 1 Ffc(/) and denote via P(F) = P(2l) a closure (in 
topology of R m+n ) of the set E(F). 

Given an automaton 21, we call a plot of the automaton 21 the set P(2l). We call 
a limit plot of the automaton 21 the point set LP(2l) which is defined as follows: 
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A point (x;y) £ K m+n lies in LP(2l) if and only if there exist z £ Z™ and a 
strictly increasing infinite sequence k\ < &2 < • ■ • of numbers from N such that 
simultaneously 


z mod p ki 

lim - t -= x; 

z—* oo I p*" i 


.. .FVz) mod p ki 

Inn --- T - 

i — yoo p lti 


= y- 


(5.83) 


To put it in other words, at every step a letter-to-letter transducer 21 (which has 
to inputs and n outputs over a p-symbol alphabet F p ) 

• obtains a vector a = (cA 1 );... £ F™ (each i-th letter aW is sent 

accordingly to the i-th input of the automaton, * = 1 , 2 ,..., to), 

• outputs a vector b = (/S^;... , £ F p (each j-th output of the au¬ 

tomaton outputs accordingly the letter /3^'), i = 1, 2 ,..., n) which depends 
both on the current state and on the input vector a, 

• reaches the next state (which depends both on a and on the current state). 

Then the routine repeats. Therefore after k steps the automaton 21 transforms the 
input m-tuple w = {wp ,...; w m ) of fc-letter words Wi = ... off 1 {i = 1, 2 ,..., to) 

into the output n-tuple v = a(w) = (iq;... ;v n ) of fc-letter words Vj = a^(w) = 
/3^ (.j = 1,2 For w running over all m-tuples of fc-letter words, 

fc = 1,2,... we consider the set £7(21) of all points (0.w;0.a(w)) £ R m+n ; here 
O.u stands for (O.ui; ...; O.ue) where ui,... ,ut are fc-letter words. Then we define 
P(2l) as a closure in R m+ " of the set £7(21). Following the lines of Note 12.151 it can 
be shown that P(2l) = P(£a). We stress that 21 is a synchronous letter-to-letter 
transducer; that is why in the definition of the plot all to input words as well as 
corresponding n output words of the automaton must have pairwise equal lengths. 

Given a real function G : D —> with the domain D C R m , by the graph of 

the function (on the torus T m+n ) we mean the point subset Gd(<?) = {(x mod 
1; G(x) mod 1): x £ D} C T m+n . Note that if y = {yi ;...; yk) £ then y mod 1 
stands for (y i mod 1 mod 1). 


Theorem 5.5. Let 21 be a finite automaton over the alphabet {0,1,... ,p — 1}, let 
21 have m inputs and n outputs, and let G = (G i;...; G n ): [a, b] = [ai, &i] x • • • x 
[a m ,6 m ] ->• [0, l) 71 {where [a»,6j] C [0,1), Gi : [a, b] -)• [0,1), i = 1,2,..., to) be 
a two times differentiable function such that all its second partial derivatives are 
continuous on [a, b]. If G (G) C P(2l) C T m+n then there exist an m x n matrix 
A = ( Aij ) and a vector B = {Bp ,...; B n ) such that Aij £ QfiZ p , Bj £ QnZ p n[0,1) 
(i = 1,2,...,to; j = 1,2,... ,n) and G(x) = (xA + B) mod 1 for all x £ [a, b]. 
There are not more than a finitely many A and B such that Aij £ QflZ p , Bj £ Q(~l 
Z p fl [0,1) (* = 1,2,... ,m; j = 1, 2,..., n) and G[ a _ b ]((xA + B) mod 1) C P(2l) for 
some [a, b] C [0, l) m ; moreover, «/G[ ai b](xA + B) C P(2l) for some [a, b] C [0, l) m 
then Ggm((xA + B) mod 1) C P(2l) C T"+ m . 

Proof of Theorem \5.5\ Let £a = {Fp ,...; F n ): Z™ —> Z p be automaton function 
of the automaton 21. Having i £ {1,2 ,...,m} and j £ {1,2, ...,n} fixed, take 
arbitrary numbers Zk £ Z p fl Q fl [a*,, bk], k = 1, 2,..., * — 1, * + 1,..., m, con¬ 
sider the map Fj{z) = Fj{zp ,...; Zj-p, z; Zi+p ,...; z m ) and the function Gij{x) = 
G{Z±, . . . , 1 , X, Zij. i ,..., ~m) . 

As Zk £ Z p fl Q fl [afe,6fe] and [ak,bk] C [0,1) then the map Fij: Z p —> Z p 
is a finite automaton function: Actually the corresponding automaton 21^ is a 
sequential composition of the automaton 21 with autonomous automata 23^ which 
produce accordingly purely periodic output words wrd(^fc) £ W°° (cf. Corollarv l2.7D 
and feed accordingly fc-th inputs (fc = 1 ,..., * — 1 , * + 1 ,..., to) of the automaton 
21 while the output of the automaton 2l,j is the j-th output of the automaton 21. 

Claim: We assert that G[ a . ]b .](Gij) C P(21y). 
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To prove the claim, firstly note that by Corollarv l2.7l for every k = 1 ,— 1, i + 1,. 
we have that Zk = 0 .(C^_iCt %-2 • • • Co^)°° where Tk is a period length of Zk 
(see Subsection Q. Let T be the least common multiple of all i*; then Zk = 

■ ■ • 7?o fe) )°° f° r all ^ = 1, • • ■, * — 1, * + 1,..., to. Denote the right- 

infinite purely periodic word 1)^1 iV'. t -2 ■ • ■ Vo k ^)°° via u(zk) = ■ f° r suit- 

able Tq ^ G F p . 

Take arbitrary x € [a*, 6 j] and put x = (zi \...; ar*_i; a:; Zi+i;...; z m ) G [a, b]; 

then (x; G(x)) G P(2l). Let x = O.X 1 X 2 ■ • ■ be a base-p expansion of x (the word 
u(x) = X 1 X 2 • ■ • is right-infinite); then from the definition of the plot it follows that 
there exists a strictly increasing sequence fi < f 2 <■■ ■ over N such that 

lim O.X 1 X 2 ...Xf t =x; (5.84) 

£—>•00 

lim ■ ■ ■ fpf* = Zk (k = 1,..., i — 1, * + 1,..., m); (5.85) 

£—>00 1 

lim 0.a(uf=.(S)) = G(x), (5.86) 

£—>•00 

where 

(x) — (-^ 1)5 ■ • • 5 'U'fi (%i— 1)5 (^i+l) j • • • 5 

Ur e (z k ) = f[ k) f 2 (fc) ... (fc = 1 ,..., i - 1 , i + 1, ..., to); 
u ^(5) = X 1 X 2 ■ --Xft, 


see remarks which follow Definition 15.41 above. Moreover, since base-p of all Zk are 
unique, the arguing like in the first part of the proof of Proposition l4.6l we conclude 
that there exists a state s of the automaton 21 and a strictly increasing sequence 
7*1 < 7*2 < ... over N such that 

lim O.X 1 X 2 ■■■Xr l =x\ (5.87) 

£—>•00 

lim 0 ,r[ k \^ k) ... t= Zk {k = 1,..., i - 1, i + 1,..., to); (5.88) 

i —>oo 

lim 0.a s (u rf (x)) = G(x), (5.89) 

£—>•00 

where 2 l s is the automaton which differs from Ql only maybe by the initial state 

(which is s rather than sq)- Now recall that ■ ■ ■ = {Vt-iVt -2 ■ • ■ Vo^) 00 for 

all k = 1,..., i — 1, i + 1,..., m; so given l G N let q(£) G N be the largest such 
(k) (k) 

that qi < re and Tq e = ij q for some (thus, for all) k = 1,..., i — 1, i + 1,..., to. 
Since all the words ■ ■ ■ are periodic with a period of length T such qe 

exists for all sufficiently large l > N. Denote via se the state the automaton 
2 l(s) reaches after being feeded (via respective inputs) by words t^ + 1 ... [k = 
1,... ,i — 1 , 7 + 1 ,..., to) and X^+i • ■ • Xrt ■ By the finiteness of the automaton, 
in the sequence (s ^)^)_ N at least one state, say s, occurs infinitely many times; 
therefore from (15.871) (15.891) it follows that 

lim 0.XTX2 • ■ • Xq e = x; (5-90) 

£—>oo 

lim 0 ■ ■ ■ V { o ) ) qt/T = z k (k = 1,..., i - 1, i + 1,..., to); (5.91) 

£—>■00 

lim O. 0 s(u w (x)) = G(x), (5.92) 

£—>•00 

where 2 l| is the automaton which differs from 21 only maybe by the initial state 
(which is s rather than so). Note that T is a divisor of qe by the construction of 
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(k) (k) 

qe since all the words rf ... are periodic with a period of length T. By the 
definition of the plot we conclude that (15.9011 (15.9211 prove our claim. 

Thus the function G^ satisfies all conditions of Theorem l5.ll therefore the second 
derivative of G (? is zero. But this means by the construction of G^ that every 
second partial derivative d 2 Gj/d 2 Xi is zero for all Zk G Z p D Q D [ak,bk] (k = 
1,..., i — 1, i + 1,..., to) and all x G [a*, bi\. As Z p n Q D [a*, bk] is dense in [a*,, bk] 
for all k = 1 — 1 ,i + 1 ,m we conclude that d 2 Gj/dx 2 = 0 everywhere on 

[a, b] and for all j = 1,2 ,..., n, i = 1 , 2 ,..., m. 

Now we are going to prove that d 2 Gj/dxidxt vanishes everywhere on [a, b] 
and for all j = 1,2, i,t = 1,2 ,...,m, i ^ f (without loss of generality, 

let t > i in what follows). Assume that the opposite is true, that is, that there 
exist i,j,t and a point x G [a, b] such that d 2 Gj(x)/dxidx t 7^ 0. Then due to the 
continuity of second partial derivatives of the function G, by using the argument 
similar to that from the beginning of the proof of Lemma 15.31 we conclude that 
there exist a point (which without risk of misunderstanding we denote by the same 
symbol x) in (a, b) = (ai, b\) x • • • x (a m , b m ) and a neighborhood U of that point 
such that d 2 Gj/dxidxt > 0 everywhere on U. Therefore we always may take 
Zk G Z p n Q n [a*, &fc]; k ^ i,t; M G N and c,d £ {0,1,... ,p M — 1} such that 
the point z(x, y) = (zi;...; Zj_i; x\ z i+ 1 ;...; z t -i,y, z t+ 1 ;...; z m ) lies in U for all 
x = p~ M (c + e), y = p~ M (d + h) and all e, h G [0,1). Arguing like in the proof of 
Proposition 14.141 we see that the following inclusion holds: 

{(z(e, h)\ (j> m G( z(e, h))) mod 1): e,/i6 [0,1]} C P(2l), 

where z (e,h) = (z (x,y)) mod 1 (we reduce all coordinates modulo 1). 

Consider a finite automaton 21 which is obtained by ‘gluing together’ the i-tli and 
the t-th inputs of the automaton 21 while feeding the rest k -th inputs with infinite 
words vjrd((p M Zk) mod 1); that is, the automaton function of the automaton 21 is 

/<a (v) = .]Wi- i)V\w i+ i-,... \w t -x\v\ w t+ i]... -,w m ) 

where we = wrd {{p M Zk) mod 1) G W°°, £ G {1,2, \ {i,t}. By argument 

similar to that for the case i = t (see the proof of the Claim above) we conclude 
that the automaton 21 is finite and that the graph of the function Gj(h,h) = 
(p M Gj (z(p~ M (c+h),p~ M (d+h))) mod 1: [0, l] 2 -A- [0,1) when h is running through 
[0,1) lies in P(2l). But on the other hand we have that 

d 2 Gj(h,h)/dh 2 = ( d/dxi + d/dx t ) 2 Gj(z(x,y)) = 2 • d 2 Gj(z(x,y))/dxidx t 

since d 2 Gj(z{x,y))/dx 2 = d 2 Gj(z(x,y))/dx 2 = 0 by what we have already proved 
above. But this is a contradiction to Theorem o since the function Gj(h,h) 
of argument h satisfies all conditions of the theorem and has a non-zero second 
derivative. Thus we have proved that under conditions of Theorem l5.5l the function 
G must be affine: G(x) = xA + B for all x G [a, b]. 

Now fix arbitrary i G {1,2,..., m}, j G {1,2..., n}, and Zk G [ctfc, fofc] D Z p D Q 
for k = 1,2,..., m, k ^ i; consider the function Gij and the automaton 21^ as in 
the beginning of the proof of Theorem 15.51 Then from the affinity of the function 
G it follows that Gij(x) = xA t j + Bj. Since G[ a . b .\(Gij) C P(2l ij) by the Claim 
above, Theorem 15.11 implies that A, t j. Bj G Z p fl Q. 

Further, arguing like in the proof of Proposition B~m we conclude that for suitable 
M G N and h G {0,1,..., p M — l} m the graph G[ 0i i]m(i?(v)) of the function 
H(v) = i?h,M(v) = (p M ((p -M (h + v)A + B) mod 1 = (vA + (hA + p M B)) mod 1 
lies completely in P(2l). Now considering the function H and the corresponding 
automaton 21 ij as above for Zk = 0, k = 1,2,..., to, k ^ i, G = H, we conclude by 
Theorem 15. II that there are only finitely many whence finitely many A. 
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If for some of these A there were infinitely many Bmodl such that G^ijm (H (v)) C 
P(2l) then for some j € {1,2 ,,n} there were infinitely many pairwise distinct 
Bj mod 1. But given arbitrary Zk G [a*,, bk] fl Z p D Q for k = 2, 3,..., to and consid¬ 
ering corresponding automata 21 y for various (to — l)-tuples (z 2 , . ■ ■, z m ) (cf. the 
beginning of the proof of Theorem 15.511 , from the construction of 21 y it follows (cf. 
the proof of the Claim) that there are only finitely many these automata 21 y since 
the automaton 21 is finite. Therefore applying Theorem 15. II to every automaton 2ly 
we finally conclude that there are only finitely many Bj mod 1; a contradiction to 
our assumption. 

Therefore there are only finitely many pairwise distinct functions iJh,M as above. 
Now by mimic the respective part of the proof of the first assertion of Theorem 15. II 
we conclude that given an (to x n)-matrix A and a vector Bj over Z p n Q such 
that the graph of the function G(x) = xA + B on [a, b] C [0, l] m lies completely 
in P(2l) then necessarily Gim((xA + B) mod 1) C P(2l) C T" +m . 

□ 


Note 5.6. An automaton with a single input and a single output over respective 
alphabets {0,1 ,... ,p n — 1 } and { 0 , 1 ,... ,p k — 1 }, (n, k > 1 ), can be considered as 
an automaton with n inputs and k outputs over an alphabet { 0 , 1 ,... — 1 } and 

therefore Theorem 15.51 can be applied to automata of that sort as well. 


6. Discussion: It from bit, indeed 

Now we are going to outline possible relations of main results of preceding sec¬ 
tion to quantum theory leaving apart applications to cryptography (the latter are 
subject of future paper). Although further physical interpretation of the results 
is highly speculative, it reveals deep analogies between automata and quantum 
systems and thus worth a short discussion to explain a direction in which it is 
reasonable to develop the results in order to derive some physically meaningful 
assertions (and maybe models) from mathematical theorems of the paper. 

We start with some remarks on what is ‘physical law’. Let us (somewhat naively) 
think of a physical law as of mathematical correspondence between quantities which 
express impacts a physical system is exposed to and quantities which express re¬ 
sponses the system exhibits. Suppose for simplicity that both impacts and responses 
are scalars. As the measured experimental values of physical quantities are ratio¬ 
nal numbers (since there is no possibility to obtain during measurements an exact 
value of irrational number, cf. (42j \2M ES) the result of measurements are points 
in R 2 , the experimental points. To find a particular physical law one seeks for a 
correspondence between cluster points (w.r.t. the metrics in R) of experimental 
values and tries to draw an experimental curve. The latter curve is a (piecewise) 
smooth curve (the C' 2 -smoothness is common) which is the best approximation of 
the set of the experimental points. A physical law is then a curve which approxi¬ 
mate with the highest achievable accuracy (w.r.t. metric in M 2 ) the experimental 
curves obtained during series of measurements. 

Let physical quantities which correspond to impacts and reactions be quantized; 
i.e, let they take only values (measured in suitable units and properly normalized), 
say, 0,1,... ,p— 1, where p > 1 is an integer. Then, once the system is exposed to a 
sequence of k of impacts, it produces corresponding sequence of k reactions. Every 
impact changes current state of the system to a new one; therefore provided the sys¬ 
tems is causal, both the next state and the reaction (effect) depends only on impacts 
(causes) the system has already been exposed to; so an automaton 21 is an adequate 
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model of the systeirQ- Every finite sequence afc_i,..., ao of impacts/reactions cor¬ 
responds to a base-p expansion of natural number z = afc-ip fc_1 + • • • + ao to which 
after normalization there corresponds a rational number . Every measurement 
is a sequence of interactions ak-i ,..., ao of the measurement instrument with the 
system, and if the accuracy of the instrument is not better than p ~ N , then the 
result of a single measurement lies within the segment — p~ N , +p~ N }. As¬ 
suming that k N we see that even if the system before every measurement has 
been prepared in a fixed state sq (the initial state of the automaton) during a single 
measurement the system 2l(so) will be exposed to a random sequences of impacts 
ctk-M- 1) • • ■, ao which switches the system to a new state s = s(ctk- 1 ,..., ao); so 
actually as a result of the measurement due to its limited accuracy we obtain an 
experimental point (O.ak ■ ■ - cxk-M',0-Pk ■ ■ ■ Pk-u) £ R 2 where Pk ■ ■ ■ Pk-M is the 
output of the automaton 2l(s) (whose initial state is s = s(atk- 1, ■ ■ ■, ao)) feeded 
by the sequence a*,,..., oik-M- 

Theorem 15.11 shows that if the number of states of the system 21 is much less than 
the length of input sequence of impacts then experimental curves necessarily tend 
to straight lines (or torus windings, under a natural map of the unit square onto a 
torus), cf. Figures HJ [H and [3] This may be judged as linearity of corresponding 
physical law and, what is even more important, the way experimental points are 
clustering on the unit square is very much alike to that of the points where electrons 
hit target screen in a double-slit experiment, cf. Figures [T] [2] and Figure HU We 
are not going here to discuss further parallels of the computer experiments with 
automata and behaviour of quantum systems such as analogies between transition 
and ergodic states of automata and mixed and pure quantum states respectively, or 
probabilities of Markov chain related to an automaton and probabilities in quantum 
systems, etc.: Although we believe that the analogies are not external but reflect 
deep relations between quantum systems and automata, the issues are far from the 
subject of the paper and that’s why the discussion is postponed to further relevant 
papers. Here we briefly touch only an interesting analogy between smooth curves 
in plots of finite automata and matter waves of quantum theory. 

By Theorem If). 11 the smooth curves from the plot of a finite automaton 21 
can be described by families of complex-valued exponential functions of the form 
ipk(y) = e^ Av ~ 2npk B \ k = 0,1,2,..., for suitable A, B e Z p n Q, cf. Corollary 
13.131 The wave function of a particle is of the form ce l ( mx - tu ) where m is momen¬ 
tum, x position, u angular frequency, and c is a complex amplitude. Comparing 
the two expressions we see that p k may serve as a time for the automaton 21 since 
multiplication by p k is a fc-step shift of a base-p expansion of a number. But can 
we someway associate it to physical time t of quantum theory? In what follows we 
argue that yes, there is a natural way to do this. 

Let us forget for a moment that p is a positive integer and suppose that p = 1 + r 
where 1 > r > 0 is a small real number; then p k « 1 + kr and if r is a small 
time interval which is out of accuracy of measurements (e.g., let r be Planck time 
which is approximately 10“ 43 s.). Therefore the torus link ipk{y) = e l ^ Ay ~ 2np B \ 
k = 0,1,2 ,... can be approximately described by T (y,t) = e - l,2 ^ B e l ( A y- 2 ^ tB )^ 
i/,l £ R since it is reasonable to assume that kr is just a time t as r is a small 
time interval, a time quantum, the Planck time. But T(y,t) is a wave function of 


1 We stress that we are not speaking here about the so-called memory effect of the macroscopic 
measurement equipment which may ‘remember’ its previous interactions with particles, cf. m-, 
we only say that every interaction (impact) forces the system (e.g. a particle) to change its state 
to some another one. We do not discuss the nature of these states which are not necessarily 
quantum states; we just say that every interaction changes something in a system and refer to 
this ‘something’ as to a ‘state’ of the system, and nothing more. 
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Figure 14. Interference pattern of the double slit ex¬ 
periment. Prom Wikimedia Commons, the free media repository 

http://c0mm0ns.wikimedia.0rg/wiki/File:D0uble-slit experiment results Tanamura 
four .jpg 


a particle with momentum A, angular frequency 2ttB and amplitude e - ®' 2 ’ 1 ’ 5 . Is 
this mathematically correct to substitute 1 + r for p in our reasoning? Yes, this is 
correct; but to explain why this is correct we need to recall a notion of ft-expansion 
of real number. 

The /3-expansions are radix expansions in non-integer bases; they were first in¬ 
troduced more than half-century ago, see EH ins, and now /3-expansions are a 
substantial part of dynamics, see e.g. survey @2- Following [40], given x € [0, 
and ft € R, ft > 1 we call a sequence (Xi)iSi over the alphabet {0,1 ,..., [_/3J} a 
ft-expansion of x once x = Y'iL-N XiP -1 f° r suitable N £ Z. Note that sometimes 
the term /3-expansion is used in a narrower meaning, when the ‘digits’ x-i- are ob¬ 
tained by the so-called ‘greedy algorithm’ only, cf. na Section 7.2] but this is not 
important at the moment: In what follows we just sketch the way how the results 
of current paper can be modified to handle the case of /3-expansions rather than 
the case of base-p expansions only. We leave details and rigorous proofs for further 
paper. 

From the definition we see that the notion of /3-expansion is a generalization of 
the notion of base-p expansion: It is clear that for ft = p the /3-expansion of x 
is just base-p expansion of x , and that is why both /3-expansions and base-p ex¬ 
pansions share some common properties. For instance, given /3-expansion of reals 
it is possible to perform arithmetic operations with reals in a way similar to that 
of school-textbook algorithms for base-p expansions of reals. However, differences 
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between base-p expansions and /3-expansions should also be taken into the account 
since when /3 is not an integer, a /3-expansion of a real number is generally not 
unique; moreover a real number may have a continuum of different /3-expansions 
for /3 fixed. Nonetheless, we can perform arithmetic operations with numbers rep¬ 
resented by /3-expansions, i.e., with words over the alphabet {0, 1 ,..., |_/3J}- These 
operations for some non-integer /3 may be represented by finite automata as well. 
For instance, if /3 = \/2 then arithmetic operations with numbers represented by 
■(/2-expansions ... a^aqao and ... 727170 (which are binary words over the alphabet 
{0,1} since [-\/2j = 1) can be performed in a manner similar to that when one ap¬ 
plies school-textbook algorithms for base-p expansions, with the only difference: A 
‘carry’ from *-th position should be added to (n + i + l)-th position; e.g. for /3 = \/2 
we have that 11 + 01 = 110 while in the case /3 = 2 we have that 11 + 01 = 100. 
Note that 01 = 1,11 = \[2 + 1 (and thus 110 = (v^) 2 + (v^) 1 +0 = 2 + \/2) when 
/3 = \/2; and 01 = 1, 11 = 3 when /3 = 2. 

When an automaton 21 proceeds a word (or, a corresponding system reacts to 
impacts) it just evaluates step-by-step a p-adic 1-Lipschitz function /<a: Z p —> 
Z p (cf. Subsection 12.41) . and no /3 appears at this moment. But we need to 
specify /3 when we ‘visualize’ the function /21 in R 2 : To every word ak-i■■ ■ ao 
over the alphabet F p = {0,1,... ,p — 1} we put into the correspondence a point 

(/3 _fe (a/c_i/3 fe_1 -I-hai/3 + ao)) mod 1 £ [0,1); thus to every pair of input/output 

words of the automaton there corresponds a point in the unit square I 2 (or, on the 
unit torus T 2 C M 3 ). We then take a closure of all these points and obtain a 
/3-plot of the automaton 21 in a way similar to that when we constructed a plot 
of the automaton (which corresponds to the case when /3 = p), cf. Definition 
12.161 We then consider smooth curves in the /3-plots of finite automata, in par¬ 
ticular, the curves which correspond to affine automata functions z <—> Az + B. 
To these functions there correspond torus windings which can be expressed in a 
form of complex-valued functions ipk(y) = e^ Av ~ 2n ^ B \ k = 0,1,2 ..., y £ R; and 
these functions can by approximated with arbitrarily high accuracy by functions 
T(y,f) = e~ l ' 2 ^ B e^ Ay ~ 27rtB \ £ R, just by taking /3 > 1 sufficiently close to 1. 
Moreover, the case when /3 is close to 1 is the only case when approximations are of 
the form of wave functions. But this means that the corresponding automata must 
necessarily be binary ; i.e., their input/output alphabets are {0,1 ,..., |_/3J} = {0,1}. 
So these automata (which are just models of causal discrete systems) indeed pro¬ 
duce waves, the its , from bits. 

From this view, main results of the current paper may be considered as a contri¬ 
bution to informational interpretation of quantum theory, namely, to J. A. Wheeler’s 
It from bit doctrine which suggests that all things physical (‘its’) are information- 
theoretic in origin (‘from bits’), |3fi] : We have given some evidence above that 
this is indeed so regarding particular ‘its’, the matter waves. We stress once again 
that our conclusion is based on the following assumptions only: A quantum system 
is causal and discrete, whence is an automaton; and the number of states of the 
automaton is finite. 
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